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Overview

Goal: Synergistically combine all available information sources to construct accurate response
surfaces (regression, optimization, inverse problems, uncertainty quantification, and beyond).

Probabilistic Machine Learning enables:

- Combining seemingly different information sources (e.g. measurements & simulations)
- Exploring cross-correlations between variables and identifying interactions

- Constructing predictive algorithms and perform inference with quantified uncertainty
- Supervised (regression, classification),

Multi-fidelity modeling: Utilize cheap low-fidelity models supplemented with a few realizations of
high-fidelity models. Exploring cross-correlations can lead to orders of magnitude of speed up in
computation.
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A motivating example: Calibration of blood flow simulations
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Models (e.g. 3D vs 1D, 0 02 04 06 08

) L. <«—>» Data
continuum vs atomistic, etc.)

Questions:

1. How can we construct predictive surrogate models that can seamlessly learn from heterogeneous
information sources?

2. How can we quantify the uncertainty/error associated with the surrogate model predictions?

How can we optimally acquire new data under a limited budget?

4, How can we scale the workflow to problems of industrial complexity?

w
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Gaussian processes

Starting point: The multivariate Gaussian distribution

Kgpa Kpp
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fa fp

Generalization: The Gaussian process

L
B t B Krf
Poo = {} and Koo = [ ] K;; = k(x;,x;)

mean function covariance function

Priors over functions: f~GP(ux), K(x,x';0))

Samples from a GP prior

Infinite model, but finite observations: The marginalization property

p(fa,f5) ~ N(pn,K). Then:

p(£4) = / p(£a, £5)dE5 = N (1.0, K 4.4)

fs

Posterior is also Gaussian:

p(fa,fp) ~ N(u,K). Then:
p(falfs) = N (g + KapKap(fp — ug), Kasa — KapKgpKpa)

Rasmussen, C. E. Gaussian processes for machine learning 2006.
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Gaussian process regression

History:
- Wiener-Kolmogorov filtering (1940)

Kriging (spatial statistics, 1970)
GP regression (machine learning, 1996)

Workflow:

f~GP(u(x), K(x,x'; 9)9

- Assign a Gaussian process (GP) prior over functions
- Given a training set of observations (x,y) calibrate the

(GP hyper-parameters )

- Use the conditional posterior [f|y] to infer predictions
for unobserved x’s with quantified uncertainty
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Rasmussen, C. E. Gaussian processes for machine learning 2006.
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Importance of the prior

The choice of the covariance kernel has a big impact on the model as it is tightly related to:
o The smoothness of the sample paths, hence the regularity of the predictor.
o The accuracy and uncertainty of the predictor.

o The conditioning of the correlation matrix, hence the efficiency of the learning algorithms.
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Training & prediction

Hyper-parameter estimation:

The vector of hyper-parameters @ is determined by maximizing the marginal log-
likelihood of the observed data (the so called model evidence), i.e.,

1 1 N
logp(y| X, 0) = — - log |K + o I| = Sy' (K + 0.1) "'y — - log 2 (8)

Assign priors over the hyper parameters and marginalize them out using MCMC.

Prediction:

If we consider a Gaussian likelihood p(y|f) = N (y|f,o*I) then the posterior distri-
bution p(f|y, X) is tractable and can be used to perform predictive inference for a new
output f, given a new input x, as

p(f*‘ya‘X?m*) :N(f*|:u*70->|2<)7
pa(®) = kv (K 4+ 021) 'y,
O'E(ZB*) = k. — k*N(K + U?I)_lkN*a

~—~~
N O Ot
~— ~— —

where kiy = [k(Ts, 1), ..., k(Ts, ZN)], kne = kly, and k.. = (., z.). Predictions are
computed using the posterior mean pu,, while prediction uncertainty is quantified through

the posterior variance o2.
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Multi-fidelity modeling

Z A

= [ Model s ]—) Y(x; §) [ Information source s ]

= slow \ - S
o0 : . STATISTICAL LEARNING |—— | QUANTITY OF
= /v [ INTEREST ]
< .

% [ Model 1 f Y, (: €) [ Information source 1 ]

k= ast

Number of runs is limited by time
and computational resources

We cannot compute at all (x; &)

Prediction of Z;(xz) = E[f(Y;(x;&))] is a
problem of statistical inference

30

20¢

Illil- Multi-fidelity stochastic modeling — Paris Perdikaris



Multi-fidelity modeling

Predicting the Output from a Complex Computer Code When Fast

Approximations Are Available

Auto-regressive model:

M. C. Kennedy; A. O’Hagan

Biometrika, Vol. 87, No. 1. (Mar., 2000), pp. 1-13.

ft(x) = pr—1(x) fr—1(x) + 0¢(x)
t=1,...,s

Predictive posterior
p(f*‘ya*X?w*) :N(f*‘:u*70->12<)7

,U*(w*) — k*N ( U?I)_lya
02 (®@.) = K — kv (B I 021) kv,

Ny
Ny

.K22

Block covariance matrix
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Multi-fidelity modeling via recursive GPs
Keyidea: Replace f;_1 with the GP posterior of the previous level f;_;

ft(X) — ptl(X+/51f(:?(_)\ﬁ1 ~ ft_1|D1, DQ, e 7Dt—1

This allows for a static condensation procedure on the fully coupled covariance matrix yielding a
decoupled problem, i.e. s independent GP regression problems,

Fully coupled® Recursive™*

N "

Cost: 1x [ Nix > N s X (N; X Ny)
1=1 1=1

*

**

M. C. Kennedy and A. O’Hagan. Predicting the output from a complex computer code when fast
approximations are available. Biometrika, 87(1):1-13, 2000.

Theorem (LeGratiet, 2014):

L. Le Gratiet and J. Garnier. Recursive co-kriging model for design of computer experiments with
multiple levels of fidelity. International Journal for Uncertainty Quantification, 4(5), 2014.

The predictive posterior of

the recursive scheme has exactly the
same distribution with the the fully
coupled model given a nested
experimental design.

|- Multi-fidelity stochastic modeling — Paris Perdikaris
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Example application: Regression

BExact (2500 high-fidelity samples)
B Co-kriging

- Low-fidelity samples (310 pts)
- High-fidelity samples (80 pts)

X 1 50 0

Cokriging Variance
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Using deep hierarchies

Goal: Develop multi-fidelity algorithms for learning general nonlinear correlations,

hence extending the linear AR(1) scheme of Kennedy & O’Hagan.
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Technical approach:
- Obtain a recursive inference scheme by conditioning on the GP posterior of the previous fidelity level

Propagate uncertainty across fidelity levels using a variational re-formulation of Gaussian process
regression that enables supervised learning with uncertain inputs

The resulting predictive scheme generalizes the linear AR(1) model without increasing the
computational complexity

Kennedy, M.C., and A. O'Hagan. "Predicting the output from a complex computer code when fast approximations are available." Biometrika 87.1 (2000): 1-13.
Damianou, A.C., and N.D. Lawrence. "Deep gaussian processes.” arXiv preprint arXiv:1211.0358 (2012).

Girard, A., et al. "Gaussian process priors with uncertain inputs? application to multiple-step ahead time series forecasting." (2003).
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Multi-fidelity modeling using deep networks

15
1D Example:
1k
fror = sin(4mx)
fHF — fIQJFv i
0
0.5¢

Prediction

Prediction
1.5

Two Standard Deviation Band
— Posterior Mean
X High Fidelity Data
Low Fidelity Data
— — Low Fidelity - Exact
- - High Fidelity - Exact

- The deep multi-fidelity predictor is
able to capture the exact solution
and recover the quadratic correlation

structure using only 5 high-fidelity
observations

- Notice how around x=0.4, 0.85 it
captures the right trend in the exact
solution, despite the fact that the
low-fidelity data is suggesting the

(b) .
; Low versus High Fidelity

o
fo)
T

— High Fidelity - Exact
— Non-linear multi-fidelity
— Linear multi-fidelity

High-fidelity
o
N

o
(V)

- The AR(1) scheme fails to capture the

opposite. . oo | | | | exact so.lutlon anc.I recover the |
-1 05 0o 0.5 1 quadratic correlation structure using
S Low-fidelity 4 L.
...... thesame training set
(c)
Hhr
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Multi-fidelity modeling using deep networks

30

25 |

Prediction
Prediction 10
I I T T - Twio Standalr'd Deviation IEt.:'nr:mjI = I I
Two Standard Deviation Band s Posterior Mean
Posterior Maan | High Fidelity Data X
High Fidelity Data X 11 25 Low Fidelity Data o
Low Fidelity Data © b Low Fidelity - Exact ======-
Low Fidelity - Exact ======= 1rl High Fidelity - Exact —=—=—=

High Fidelity - Exact =—=——=—-

A LR e (0] i it mn )
N —— ]

The high fidelity code is modeled by fa(h(x)) and the low
fidelity one by f1(h(x)).

1 1 1 1
-10 -5 0 5 10 15
Low Fidelity

M. Raissi, and G.E. Karniadakis. "Deep Multi-fidelity Gaussian Processes." arXiv preprint arXiv:1604.07484 (2016).
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Multi-fidelity in physical models and in probability space

Multi-fidelity in models Multi-fidelity in probability space
2a (Model m > You(e:6) E,[f (Yi(2:€))] 4 2
s s
3= N=

r &0
= | | (@ > B [f (Yi(:6)] |
S =
B ~ )

-
21| Model 0 ]— Yo(a: ) Bolf (Yi(@;e))] @ =

/ PROCEEDINGS Multi-fidelity modeling via
OF

E Y (x; = E Y (x; ) k< [ <
—oF— recursive co-kriging and k1 (Y1 (x:8)] = prr1 B [f(Y1(x:€))] + 0 41(x), k<p, I<m
SOCTETY LAE ?ell(ljjssmn Markov random / Ei[f (YD Ei[f(Y2)] -+ Ei[f (Y] \ Fideliy
N i Eo [f (Y1)] Eo[f (Y2)]. -+ Eo|[f (Yn) . .
rspa.royalsocietypublishing.org P. Perdikaris’, D. Venturi!, J.O. Royset?, ' . ' n pmbab[/[ty
® and G.E. Karniadakis' . : : Spa(e
Research gfffi%ifk ! Division of Applied Mathematics, Brown University, \ ]Ep [,f (}f]_)] EP [f (1/2)} Tt Ep [f (Ym)}\’,)
Providence, Rl 02912, USA
Article submitted to journal 2Operations Research Department, Naval
\ Postgraduate School, Monterey, CA 93943, USAJ FIdE/ITy In phySIC(I/ models
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Extensions to vector-valued outputs

The Bayesian framework can be extended to predict

k
random fields of the form u(x, &) = Z a;(&)Li(x)
i=1 —~~
by applying the multi-fidelity inference algorithms i;f
to the vector of Galerkin coefficients a(§) = [a1(€) - - - ar(€)]
0.5 ' ' '
. . . 1 05 0 05 1
Capturing cross-correlations between multiple outputs 3
Separable covariance structure: Ci(&.§:0)=r; (f §0 r—] . e learned from the data
Linear model of coregionalization: C (&,&7;60;) = 1ag (ri(é, € @ o (€, E [ij){B] v
Example: Stochastic Burgers equation
Multi-fidelity:

Predictor mean Predictor standard deviation

([ Ou

E-F

ou

ué’x

1 6%u

Sa5 S

i,

Periodic B.C.
u(x, Oa g) — MO(X; f)

N/2

Y ag(t.61,.6)e

q=—N/2

M(X, f, 51’62) =

[
v

.75

0

-0.75

-1.5|

F‘

-1.5-0.75 0 0.75 1.5
&1

1
1.2
1.4
-1.6
‘1.8

]
e

1.5

0.75

0

-0.75

-1.5

-1.5-0.75 Cl 0.75 1.5

Inferred solution field at t=

.H ‘

N=15, low-fidelity, 64 train. points
N=20, medium- -fidelity, 29 train.points

N=60, high-fidelity, 11 train.points

Using the predicted coefficients &N
posterior variance we can
reconstruct random fields with
quantified uncertainty
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Example application: Solution of linear differential equations

Priors
on

u(x), f(x)

- — — — —

Noisy
data
on

f(z)

Posterior
on
u(x)

u(z) ~ GP(0, g(x,2";9))

—~—

Multi-fidelity

regression

A { Lou(zx) = f ~GP(0,k(x,z':0))
k(z,z';0) = LiLls g(z,x'; 6)
\
_____________________________________ -
B Single-fidelity -
regression 1D example:
10 du

= / u(€)dé = f(x)

0

— Exact hight-fidelity forcing

;:/ 0 ---- Exact low-fidelity forcing
e High-fidelity training data (3 points)
s Low-fidelity training data (15 points)
-10
0 0.5 1
¥
2

— Exact solution

- =GP posterior mean

B Two standard deviations band
= Anchor point(s)

hi(z), fox)

Raissi, M., P Perdikaris, and G.E. Karniadakis, Inferring solutions of differential equations using noisy multi-fidelity data, http.//128.84.21.199/abs/1607.04805, 2016
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Example application: Adaptive refinement via active learning

2 2
53(e) + Syu(a) = f(@)

’ u(z) std u(x) error 5 Iteration: 0, Number of training points: 4
02 1077
e SOlULIONI
0.15 - = = Forcing
205 205 0.1
0.05 107
0
T
’ S 10
®
o
=
= 10°
f(z) std
1 0.3
{02 107
&' 0.5
0.1
-10 ‘ . \ .
00 0.5 1 1 0 20 40 60 80

n

I

* denotes the training data actively collected by the scheme.
* denotes the next sampling point suggested by the active learning scheme.

Raissi, M., P Perdikaris, and G.E. Karniadakis, Inferring solutions of differential equations using noisy multi-fidelity data, http-//128.84.21.199/abs/1607.04805, 2016
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Bayesian Optimization

BO provides a strategy to transform:

x* = min || f(x) — y*|| (potentially intractable)
x€cRd

into a series of problemes:

Xpi1 = arg max a(x; D, M,,)
xER4
where:

The so called acquisition function
is inexpensive to evaluate

Acquisition function gradients are
typically available

Still a non-convex optimization but
efficient solvers are available
(DIRECT, CMA, gradient descent)

0. 1.0
2 T
Remark: +
-
Acquisition functions aim to balance the — | 2
trade-off between exploration and exploitation. \ > -0
x
a0 /\
P . A i ;
0.0 0.2 0.4 0.6 0.8 1.0

Jones, D. R. A taxonomy of global optimization methods based on response surfaces. Journal of global optimization 21:345-383, 2001.
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Example application: Probability of failure in linear elasticity

d4
Lou(x) = @U(ZE) = f(x) @ Given noisy observations of the loading f(x), solve for the
w(0) = u/'(0) = 0 displacement u(x).
W(1) = 0 @ Find the maximum displacement |u(x)|.

" © Given the threshold ¢, find the probability of failure.
1) = f(1)
u(1)
w— 1 1) e [ 1)
B Prodictive distribution B Predictive distribution
-« New point x Traning data
O Exact optimum - = New point
wnness Threshold

(B)
<1073 (A)

xT
(C)
1 .
— 0.5
A:. O
=~-0.5 0 0.2 0.4 0.6 0.8 1
xr
| - N R X ,
0 0.2 0.4 0.6 0.8 1 wee Lower confidence bound (LCB)
T aeees Upper confidence bound (UCB)

w= = Minimum upper confidence bound

— Probability of exceeding the threshold e NMaximun lower confidence bound
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Multi-fidelity Bayesian optimization

Goal: |dentify a set of parameters that generates a response matching a target performance y*

il

min |1 (x) — y

Idea: \\e model the response of a system using deep multi-fidelity surrogates

Then the surrogate posterior distribution -
along with an acquisition function
suggest a sampling plan than
balances exploration vs exploitation
towards identifying a global optimum

y = filfe1((F1(x))), fi > GP(pi(x), 24)

t=3 t=4

New
observation

Posterior

Posterior

Next
point

Acquisition function
Acquisition function

Example: 1D function maximization

P Perdikaris, and G.E Karniadakis. "Model inversion via multi-fidelity Bayesian optimization: a new paradigm for parameter estimation in haemodynamics, and beyond."J. R. Soc. Interface (2016)
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Calibration of blood flow simulations

Goal:
Calibrate the outflow boundary
condition parameters to match

0.1

0.09

a target inlet systolic pressure, i.e., 006 |
/CEOO7
~—

x ) N 5 = 0.06
x* = argmin |p} — ps(x)]*, = oo
xeX ~—"004 -
0.03

1 2
X = [RC(F),R;)] 0.02 |

X = [10'°,10"] x [10'*,10%°]

ps = 47mmHg
\/%@/ @(9)
Wulti—ﬁdelity approach: h
1.) 3D Navier-Stokes (spectral/hp elements, rigid artery) —> high fidelity O(hrs) Oz

2.) Non-linear 1D-FSI (DG, compliant artery) —> intermediate fidelity O(mins)
E.) Linearized 1D-FSI solver around an inaccurate reference state —> low fidelity O(s)

P Perdikaris, G.E. Karniadakis Model inversion via multi-fidelity Bayesian Optimization: A new paradigm for parameter estimation in hemodynamics, and beyond (under review), 2016
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Calibration of blood flow simulations

I Exact response (250 high-fidelity runs)

Illil- Multi-fidelity stochastic modeling — Paris Perdikaris
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Calibration of blood flow simulations

B Multi-fidelity
0.4 - ° Low-fidelity data (60 points)
* Intermediate-fidelity data (20 points)
+ High-fidelity data (3 points)

(P

Decreased the relative error to O(107°)
after 3 iterations of BO, mainly sampling

the lowest fidelity (cheapest) solver.
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Limitations, challenges & future directions

Scalability: GPs suffer from a cubic scaling with the data

Low-rank approximations to the covariance
\/ Snelson, E., and Z. Ghahramani. "Sparse Gaussian processes using pseudo-inputs.”

Frequency-domain learning algorithms
\/ De Baar, J. H. S., R.P Dwight, and H. Bijl. "Speeding up kriging through fast estimation of the hyperparameters in the frequency-domain."

Stochastic variational inference
\/ Hensman, J., N. Fusi, and N.D. Lawrence. "Gaussian processes for big data.”

Discontinuities and non-stationarity: GPs struggle to model discontinuous data

J1 J2
\/ Use warping functions to transform into a jointly stationary input space @4’@—>®

. L iamoid. b CDF —> "Warped GPs”  Snelson, E., C.E. Rasmussen, and Z.Ghahramani. "Warped gaussian processes."
0g, sigmoiq, beta arpe S g
Neural networks —> “Manifold GPs" Calandra, R., et al. "Manifold Gaussian processes for regression.”
. Gaussian processes > Deep GPs” Damianou, A. C, and N.D. Lawrence. "Deep gaussian processes."

High-dimensions: Tensor product kernels suffer from the curse of dimensionality, i.e. the require an
exponentially increasing amount of training data

v/ Data-driven additive kernels

P, Perdikaris, D. Venturi, G.E. Karniadakis “Multi-fidelity information fusion algorithms for high dimensional systems and massive data-sets

V4

\/ Unsupervised dimensionality-reduction (GPLVM, deep auto-encoders)

Lawrence, N.D. "Gaussian process latent variable models for visualisation of high dimensional data."

Illil- Multi-fidelity stochastic modeling — Paris Perdikaris
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Learning from big data

Bottlenecks:
At each co-kriging level t maximize the likelihood of the observations y;

: n 5 1 )
(oot By 210800+ g log|RulB) o Tl define o(0)

1 . _ .
+ o [ye(xe) = Lepr — pe1Ge—1 (%)) [Re(0r) + 02 117 ye (%) — Lo — pe—1§e—1(%0))]

202
@ compute A

We face the following challenges:

~N

J

2
€t

1. For small noise variance o2 and/or tightly clustered observations the correlation matrix becomeg™~,

increasingly ill-conditioned. compute
L at cost
2. Each iteration step for minimizing the log-likelihood requires the inversion of a dense, O(N3)

ill-conditioned N; x N, covariance matrix.

3. The total cost for estimating the hyper-parameters at each co-kriging level scales as O(mN}}), whHere m
is the number of iterations required to solve the non-convex minimization problem.

update

no

COHVG?
Subroutine MLE yes
Hyperparameters min —log £() O(mN})
Factorize R, R, =LLT O(N?)
Predict Rt_l(yt o 1,“75) O(MNt> found 6y

Rasmussen, C. E. Gaussian processes for machine learning 2006.
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O(N) learning algorithms

Wiener-Khinchin theorem: @

S(w) = /oo Tee(T)e 2™ dr

— o0
compute (d a (9)\
..i.e. the power spectral density of a wide-sense stationary 2 at cost CHLE 4
: : . : : and a(h)
process is the Fourier transform of its autocorrelation function. O(NInN) | |
N
\f )
candidate
. . fit at cost update
We can speed up the hyperparamter estimation O(N)
by learning the sample variogram in the frequency domain: S g
N
FSV : min Z [log 92 — log #(0)|>  (Frequency Sample Variogram fitting)
o n=1
. 47 no
Subroutine MLE GMRF FSV ——
Hyperparameters min —log £(0) O(mN}) (’)(mNE/Q) O(N¢log Ny +mN) /
Factorize R, R,=LLT ON3)  O(N? O(N3) .
Predict Ry — 1) O(MN,)  O(MN) O(MNy) J
found 6

De Baar, 1. H. S., R. P Dwight, and H. Bijl. "Speeding up kriging through fast estimation of the hyperparameters in the frequency-domain." Computers & Geosciences 54 (2013): 99-106.
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High-dimensional kernel design

Given a set of scattered observations y(x) we can construct a hierarchical functional representation
of the form

X):y0+ Z yz(ZBz)—|— Z yz‘j(CIZi,ZIZj)—I- Z yijk(xi,gcjjg;k)_F.H

1<i<d 1<i<j<d 1<i<j<k<d

This facilitates the computation of sensitivity indices that characterize the active interactions in the data:
2
k;

1 1 [ ki
D= [ i dn~ [ lzawr(w] dr; =Y (o)
r=1 r=1
2 .
Dy= [ [ e~ [ / S )| e, = 33008
p= 1q 1 p=1a=l
x \ 9
€ T2 Maximal cliques (N¢ = 5):

I Cl — {332,.%’3,376}
CQ = {333,178} :>
C3 = {xg, 19,712} (x,x';0) Z’iq Xquqv‘g )
C4 — {334,339,3312}
C5 — {$1,$5,$7,$10,CE11} (inaCtive)

Goal: Solve local low-dimensional FSV fitting problems to train the clique-wise kernels.

Illil- Multi-fidelity stochastic modeling — Paris Perdikaris
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High dimensions and large data-sets

Problem: Inference with FSV fitting becomes intractable as it requires storage and operation on N4
frequencies

Step 1. Utilize the ANOVA expansion to project the data onto the sub-space defined by each
maximal-clique, and identify the contribution of each maximal clique in the d-dimensional power
spectrum

qu(x) = fo + Zyz(xz)+ Z yz-j(:cz-,a?j)+ Z yijl{:(x’bxjyxk)—i_"'

i€Cy i,j€Cq i,5,k€Cq

Step 2: Use the Fourier projection-slice theorem to decompose the global high-dimensional
optimization problem into local low-dimensional tasks.
mem — Smfdf
vy A

X ky #
projection p(x) 2

shice s(ky)

Fourier
_

Transform

fr) 7 F(K)

Now we can solve N¢ FSV problems that involve N™ points, where m = card{C,} < d,1 < g < Ng.

[:> Learning can be performed by training low-dimensional clique-wise kernels with O(N) cost!!J

Perdikaris P, D. Venturi, G.E. Karniadakis Multi-fidelity information fusion algorithms for high dimensional systems and massive data-sets, SIAM J. Sci. Comput. (2016)
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Forward UQ in a 100-dimensional PDE

Helmholtz equation in 2 input dimensions and 100 random variables:

u(x;w)|op =0,

_/\

X =1

Ndof

Numerical approximation: u(x) = Z w; P;
=1

Quantity of interest:

r()\z — V2)u(x;w) = f(x;w), x=(x,y), x€ D=0, 27r]2,

d/4
f(x;w) = % {Z[wZ Sin (i) + wjtq/a cos(iz)] + Z[de/Q Sin(1y) + wjy34/4 cos(iy)] }

~

Rough forcing term with 100 random variables

(x) =YY widh(xe(€)) = >

e=1 p=0

" Multi-fidelity h
N, =16,P =4 (10,000 samples)
Neg =64, P =8 (1,000 samples)

i = 144, P = 10 (100 samples)

Illil- Multi-fidelity stochastic modeling — Paris Perdikaris

30



UQ in a 100-dimensional stochastic PDE

Samples of the random forcing term Samples of the high-fidelity solution

0.02,

0.01-

u 0

-0.01-

-0.02

-0.03._
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UQ in a 100-dimensional stochastic PDE

T Rl

| f
'I.-’_
1

0.11F

30+ i —Exact (105 MC samples) ---Exact
i ---Multi-fidelity predictor %' o Multi-fidelity predictor -
A ---Ly predictor 0.00l o
25; | ---Ly predictor | 2:6,'%
0l o - Non-trivial dimensionality
' gt
& .  oos + Complex clique structure/interactions
® + Accurate estimation of the solution PDF
- Orders of magnitude speed-up vs brute force MC
i 0.02
o o ooz o0 o °® o1 perdikaris P, D. Venturi, G.E. Karniadakis Multi-fidelity information fusion algorithms
(c) for high dimensional systems and massive data-sets, SIAM J. Sci. Comput. (2016)
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Summary

General data-driven framework for supervised learning from variable-fidelity information

sources

Systematically combine seemingly different physical models (simulations, empirical
correlations, noisy measurements, etc.), and different approximation methods in probability

space (collocation, sparse grids, MC, etc.)

Exploiting cross correlation between models can lead to orders of magnitude of speed up

Applications in uncertainty quantification, optimization, inverse problems, data assimilation,

and beyond

-

Taking the Human Out of the
Loop: A Review of Bayesian
Optimization

The paper introduces the reader to Bayesian optimization, highlighting its methodical

~

-
INTERFACE

rsif.royalsocietypublishing.org

®

Model inversion via multi-fidelity

Bayesian optimization: a new paradigm

for parameter estimation in
haemodynamics, and beyond

aspects and showcasing its applications. Research v Paris Perdikaris' and George Em Karniadakis?
By BoBAK SHAHRIARI, KEVIN SWERSKY, Z1YU WANG, RYAaN P. ADAMS, AND NANDO DE FREITAS k J
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Questions?

Many thanks to Linda Petzold and George Karniadakis for the invite & Seila Selimovi¢ and Grace Peng for arranging the broadcasting!

This work received support from DARPA grant N66001-15-2- 4055

Web: http://web.mit.edu/parisp/www/
Email: parisp@mit.edu


mailto:parisp@mit.edu?subject=

Model inversion in high-dimensions

Goal: Developed scalable algorithms for solving high- dimensional inverse problems

Optimizationin  min ||g(x) — y*|| non-li near di o hmg; lg(h) — y*||  Optimization in
physical space xeR¢ reduction © latent space
g <<d
t=3 t=4

New
observation

Deep auto-encoder S f2
(supervised) @M
(a)
GPLVM fi
(unsupervised) @_@

(b)

Posterior
Posterior

Acquisition function
Acquisition function

Next

f
or @@ Lk

Bayesian optimization in latent space

Technical approach:

Non-linear dimensionality reduction using supervised deep auto-encoders and/or unsupervised GPLVMs

Bayesian optimization in the low-dimensional latent space

Lawrence, N. D. "Gaussian process latent variable models for visualisation of high dimensional data." Advances in neural information processing systems 16.3 (2004): 329-336.

Shahriari, Bobak, et al. "Taking the human out of the loop: A review of bayesian optimization.” Proceedings of the IEEE 104.1 (2016): 148-175.



Model inversion in high-dimensions

K
Uy — APu = E wy sin(kmx) 4.006
k=1

0.004

Example in 200 dimensions:

u(0) =0, u(l) =0

0.002

Goal: Given a reference solution u*(x), recover the K=200 u*
weights, i.e.:

0.000

—0.002 }

min |lu(wy) — u’[l>

Reference solution u*(x)

wkeR200 —-0.004
wi = s(k) = aexp(Bk”), a,B,y €1[0,0,5] ~0.0061- 7% - ¥ i
Workflow: 0073

0.072

1. Create a training set containing a collection of

randomly sampled spectra (X) o071}

Wk
2. ldentify a low-dimensional latent representation by eomor
training a one-layer deep auto-encoder on the 0.069]

random tr Ve
andom spectra CDP*CD_%:> 0.068 |

. . . . o f3
3. Perform Bayesian optimization in latent space ()—(¥) 0.067

4. Use the deep auto-encoder posterior to map tf}e
optimal h* back to the physical domain x* (@)

50 100 150 200
k

Decay of reference weights



Model inversion in high-dimensions

i Distance between consecutive x's 5 Value of the best selected sample Predicted sd. in the next sample
16| 3
06} {1 o008}
14 +
05}
12 - ® s
= § 0.06
-
c 10 H 1 . 04} =
® f B
Z g E
= i 03 c 004}
© Ak
% (@]
0.2
4 1 0.02 | :
0.1 . : x i
2 | L,
0 10 20 30 40 50 60 0 10 20 30 40 50 60 0 10 20 30 40 50 60
Iteration Iteration Iteration

Convergence of Bayesian optimization in latent space
(notice that only 21 evaluations of the PDE are required to
getan accuracy of 0(Te-3))

0.0035

0.006 y
0.0030 | y Exac_t
0.004 - - Predicted }.
0.0025 |-
0.002 }
2 0.0020}
=
5 * 0.000}
& 0.0015} u
3]
0.0010} -0.002
0.0005 |- -0.004
0.0000
e -0.006 . : : :
0-5 0-0 0-5 ) 1‘10 ) 1.5 2-0 2-5 0.0 0.2 0'4 0-6 0.8 l'o
input dimension €T

Dimensionality of the discovered latent space

(notice how the deep auto-encoder recovered

the 3-parameter dependence of the random
spectra)

Accuracy of learned weights in
reconstructing the reference solution
(Relative L2 error: 3.750090e-03)



Example: Poisson equation (10D)

-1.5

Remarks:

@i — fz(wz) + €i, 1 = 1727

uz(z) =[], sin(2rzq)

€1 ~ N(0,0.31), ea ~ N(0,0.051),
fo(x) = —8m? sin(27xq ) sin(27x3), and fi(z) = 0.8 f>(x) — 40 Hcliil x4 + 30,
Uy — UQ(ZB()) + €p with €p N(O, OO].I),

~

0.07 1 [ Exact solution us(x) 9r
— Exact solution [[Predictive mean Ty(x)
- =GP posterior mean ] 0.8+
I Two standard deviation band 0.06+
0.6¢

g 0.05 0.4

) w

= 0.2 =

£ 0.04 _ &

= 5 k)

T ‘la’ OFf =

S s a

= 0.03 Iy o

E 0.2 o

S

7. 0.02 0t

-0.6
0.01F 0.8 (@) —wa@llz _ 5 16 102 I High-fidelity
l[uz(2)]]2 [ |Low-fidelity
1 I L J 0 L L | | i i | | L
0.4 0.6 0.8 1 =1 -0.5 0.5 -0.5 0 0.5 1 2 3 4 5 6 7 8 9 10
uy(x) Dimension d = 1 D

Ty

Noisy, multi-fidelity data on f, noisy boundary conditions on u.

Good accuracy and automatic detection of effective dimensionality

A-posteriori error estimates through the GP posterior variance

.....

38



