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Curve as a Model for Arterial
Dilution Curves
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B The dispersion of an indicator in a flowing
liquid increases with time and with the dis-
tance travelled. The form of the dispersion and
its rate of increase have only recently come to
the attention of investigators. Poiseuille’s
model, parabolic flow, has been used as an ap-
proximate description of flow in the vascular
system in spite of the fact that there are a pri-
ori reasons for expecting it to be unsuitable.
The observations by Griffiths,® Hull and Kent,?
and G. Taylor®* were that spatial dispersion
of indicator in fluids flowing through rigid
tubes was symmetric and nearly Gaussian.
Sheppard® had arrived independently at the
hypothesis that this might also be true for the
vascular system and had begun a series of
experiments using the random walk equation
as a model.

In the present study on normal men, the
lagged normal density curve® 7 was used to
describe the primary portion of recorded
curves. From the resultant concise descriptions
of the data, further analyses of flow character-
istics and dispersion were made, which led to
the inescapable, yet far from new, conclusion
that, in the arterial system, the flow profile
is not parabolic but is blunter and is probably
always somewhat turbulent.

The nomenclature of this study is intended
to be in accordance with that standardized
by Wood.8

The Model

The random dispersion occurring with turbu-
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lence and pulsatile flow suggests the use of the
equation for a normal density curve (fig. 1):

ho(t) =——L o p1r2r6-t,) 1010
1(£) o (2m) /2 €

for t=0 and (1)
hi(t) =0 for t<0.
h,(t) is a frequency function of unit area, rep-
resenting a symmetric random distribution of
transit times of the indicator about a central
time, #, (seconds), with standard deviation,
o. This is a Gaussian curve; it is often collo-
quially called a normal distribution curve, but
this name refers more properly? to its sigmoid-
shaped integral, the cumulative frequency distri-
bution curve.

The occurrence of mixing in cardiac chambers,
in the aorta during diastole, and in eddy cur-
rents at points of vessel branching, as well as the
observation that dye curves are always skewed,
suggests that a first-order exponential process
may also be involved:

ho(2) = % et/ for t=0 and (2)
ha(t) =0 for t<0.

7 is the time constant and h,(¢) has unit area.
(Flow through a hypothetical mixing chamber
washes out indicator at a rate such that the con-
centration at the end of an interval of duration,
7,is 1/e (=1/2.718 = 0.37) of its initial value).

The convolution of these two equations, rep-
resenting the sequential or simultaneous effect
of one process on the distribution produced by
the other may be described by the differential
equation:

hy(t) =

o g1/2[(t~t,)1g]?

dhy(t)
dt

1
o (2m)i2
(3)

which also has unit area. The three parameters,
o, 7, and £, provide a complete description of the
curve’s shape and position in time. The mean
transit time, , of the model is ¢, + 7, the vari-
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of the necessity for such artifices the
theoretical basis for these equations is in-
validated, and they must be classed with
the lagged normal density curve and the
gamma variate as equations that merely
describe the shape of the curve,

The excellence of the lagged normal density
curve as a description of recorded curves
is expressed not only by the coeflicients of
variation but also by the relationships shown
in figure 10 (these are close to the line of
identity). However, this also suggests that
one should consider describing the dye curve
in terms of its first few moments rather than
by using a parametric model. This would
be quite useful if moments higher than the
third or fourth conveyed so little information
that they could be ignored.
BT saos

The data of figures 8 and 9 and of table 1
are concerned primarily with the dispersion
between the two sampling sites. This is ex-
pressed in the slopes of the relationships,
which are very similar to those for the transfer
functions between the femoral and dorsalis
pedis arteries.*

Less precise, but still useful, information
concerning the dispersion between the in-
jection site and the femoral artery is given
by the intercept values. The greater the
intercept values for o, 7,  —t,, or m.* plotted
against £ and the smaller the intercept for
t, versus i, the greater the dispersion occur-
ring in this segment (see figs. 8 and 9 and
table 1). A similar type of information is
given by the ratios to # for curves sampled
at the femoral artery (first and third columns
of data in table 2). Both the intercept values
and the ratios are functions of the dispersion
due to three types of events: (1) dispersion
at the injection site due to the energy of the
injection and the disturbance in flow at the
injection site, (2) dispersion within the
sampling system, and (3) dispersion in the
circulation.

A sudden injection of dye solution through
an end- or side-holed catheter results in
immediate dispersion of dye some distance
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in all directions. The spread of this bolus
is also dependent on the duration of injection
because, during a 0.3-second injection, aortic
blood may flow more than 10 cm. If the
flow pattern is laminated and is undisturbed
by the injection, dye movement will not
likely represent blood movement. Even with
a forceful injection which causes mixing, the
labelling at the injection site is likely to be
neither cross sectional nor flow tagging as
defined by Gonzilez-Fernandez.?® The label-
ling is probably not uniform (with respect
to flow or volume) until there has been
significant downstream movement of the bolus.
The aortic injection probably produced more
dispersion: the energy of injection was 1 X
10° g cm? sec™® and injection was at high
velocity through a small catheter pointed
upstream against the rapidly flowing aortic
blood. The superior vena caval injection was
at low velocity through a larger catheter
pointed in a downstream direction in slowly
flowing blood.

The dispersion due to the sampling system
consists of a delay time plus a slurring of
the concentration-time curve as it passes
through the sampling apparatus. This may
be characterized fairly well'% 4546 and a
correction can be made for the distortion by
a variety of methods.*** Certain of the
curves recorded during these experiments
have been corrected either by using a method
similar to that of Gonzalez-Fernandez and
co-workers*” (by using the inverse of the
convolution integral) or by using exponential
lead circuits in an analog computer.” The
same model, the lagged normal density curve,
has been found to fit the corrected curves
even though they are more sharply peaked
and less slurred out.” Although the femoral
sampling system was more complex, its dy-
namic response to a step input was only
slightly slower than that for the dorsalis
pedis sampling system (fig. 2). The difference
between the mean transit times of the sam-
pling systems was 0.25 second and was con-
sidered to be small enough to be ignored
in the analysis.

The dispersion in the segment of the cir-
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culation between the sampling sites from
which the paired curves are recorded is
indicated by the slopes of the regression
lines of table 1. The values of the slopes
should not be affected by the dispersion at
the injection site but would be influenced
by any significant difference between the
sampling systems.

The intercept values are probably little
influenced by the sampling system, for the
degree of dispersion in the tubing is similar
to that produced by the vascular system, and
the mean transit time of the sampling system
is a significant proportion of  of the recorded
curves only for those recorded at the femoral
artery after aortic injections. The appearance
time:mean transit time ratios found by Chees-
man*® for catheter sampling systems were
very similar to those usually observed in
the human or the canine circulation and to
those found in this study (table 2).

The ratios shown in table 2 may therefore
be considered primarily as functions of dis-
persion at the injection site plus dispersion
in the circulation between injection and
sampling sites. The dispersion upstream to
the femoral artery is always greater than
that downstream to it because the ratios
(o/t, 7/%, m2*%/T and [f —¢t,]/t) are all less for
curves recorded at the dorsalis pedis artery
than for those recorded at the femoral artery.

The dispersion subsequent to superior vena
caval injections is greater than that after
aortic injections. The evidence is that the
intercept values are higher (regression lines
of table 1) for the former. The positive
intercept for aortic injections indicates that
dispersion at injection site plus dispersion
in the aorta due to the turbulent flow, espe-
cially at the bifurcation** is greater than
dispersion in the arteries of the leg.

In their figure 7, Edwards and Korner™
plotted variance against mean transit time
for curves recorded from the femoral artery
of dogs after sudden injections of dye into
either the inferior vena cava at the renal
veins or into the pulmonary artery. Their
data showed the ratio, m*%/f, to be 0.2 to
0.3. In general their data indicate %/
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to be greater and t,/f to be smaller for
curves recorded after pulmonary artery in-
jection than for curves recorded after inferior
vena caval injection. This suggests that the
dispersion occurring during the traversal of
the inferior vena cava is less, relative to the
mean transit time, than the dispersion occur-
ring in the heart, lungs, and aorta. In other
circumstances this may not be so, for the
streamlining of flow that occurs in the inferior
vena cava produces a wide range of transit
times through the segment. For example,
radiopaque indicators have been observed to
take nearly a minute to be washed out of
the inferior vena cava below the diaphragm
in anesthetized dogs.

Korner,?® in his table 5, gave the regression
equation:

log 7a(sec®) = 3.699 — 2.432 log flow (ml/min)

+2.020 log volume (ml) (12)
for 55 dye curves recorded from the femoral
artery of dogs after injection of dye into
either the pulmonary artery, right ventricle, or
superior vena cava. Since = volume/flow,
this equation can be rewritten:

log 7 = 3.699 — 0.412 log flow + 2.020 log #
(13)

in which # is in units of minutes. At an
average value for flow of 2,000 ml/min, the
relationship reduces to w*=028 #(sec)
which is quite comparable to the ratio,
m.*%/1=0.233, shown in table 2 of this paper
for curves recorded at the femoral artery
after superior vena caval injection.

The most effective mechanism for circula-
tory dispersion occurs with the great diversity
of path lengths and flow rates through the
capillary and venous beds of the peripheral
organs and tissues. It is clear from this study
that there is no great difference in the dis-
persion of a bolus of material in the central
circulation or peripheral arteries. The ratio
of dispersion to transit time was largest fol-
lowing superior vena caval injection probably
because of the diversity of path lengths and
flows in the various segments of the lung
and because of the mixing-chamber effects
of the left atrium and left ventricle. The
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reason that dispersion in the aorta is greater
than in the peripheral artery is not that it
is more turbulent (for this would probably
mean less dispersion) but that there is greater
longitudinal mixing due both to the greater
pulsation of flow and to eddy formation at
major branches.

ASYMMETRY OF THE CONCENTRATION-TIME CURVE

If the spatial distribution of indicator
particles in the bloodstream were symmetric,
concentration-time curves recorded at any
site must be skewed to the right (the tail
prolonged) if the indicator is being dispersed
during its transit.

Taylor* ¢ and Hull and Kent® observed
that indicator concentration-time curves be-
come more symmetric as the indicator dis-
persed in proportion to the square root of
the distance travelled. One would expect this
from the central limit theorem. This theorem
states that, for systems which are predomi-
nantly linear, as the number of events increases
the distribution tends toward normality.
Therefore, with an increase in #, the theorem
would predict a decrease in skew, kurtosis,
and the ratio of 7 to a. The last relationship
is7/c=38—-0.093% (sp=>5.1; r=0.47). Simi-
lar evidence is seen in figure 7 (right pan-
el) and in the relationships of o and 7 to
ms* (fig. 9). These data indicate the tendency
for 7 to form a smaller portion of the spread of
the broader curves. Korner®® observed that the
asymmetry of curves recorded at the femoral
artery of dogs decreased as the injection
site was changed from pulmonary artery to
right ventricle to superior vena cava, ie., as
the distance travelled was increased.

Dow®' found the greatest asymmetry in
curves recorded at the femoral artery after
left ventricular injection. The reason for this
may be that not only is the path length
short but ventricular mixing is poor and dye
may be sequestered to some extent in the
apex. With complete ventricular mixing, the
concentration-time curve in the ventricle
would be a single exponential in step form
which is highly skewed and leptokurtotic.
It is probable that the ascending aortic arch
has a similar effect since there is no forward
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flow there during diastole. Edwards and
Korner®® observed a similar phenomenon.
Curves recorded at the femoral artery were
more asymmetric after right atrial injection
than after caval injection. They interpreted
this as due to nonuniformity of clearance
from blood near the wall of the atrium.

Summary

1. Indicator dilution curves (concentration
versus time) were recorded from the femoral
and dorsalis pedis arteries of normal men after
injections of indocyanine green into the supe-
rior vena cava or thoracic aorta. A four-
parameter mathematical model, the lagged
normal density curve, adequately described
the form of the portion of these curves
representing indicator passing by the sam-
pling site for the first time.

2. The curves were observed to be of
constant shape, the spread of the curve being
approximately linearly related to the mean
transit time f. The spread was dependent
on the injection site; dispersion was shown
to be greatest in the central circulation, less
in the aorta, and still less in the arteries of
the leg. For the latter segment, the mean
transit time f. The spread was dependent
0.3 £, the square root of the variance was
0.18 £, and the parameters of the lagged
normal density curve, o and 7, were 0.09 {
and 0.16 Z, respectively.

3. The linear relationships between param-
eters of the recorded curves and the mean
transit times indicate that the effect of rate
of flow, over a range from resting values to
four to six times above resting values, has
almost no influence on the dispersion. This
suggests that the flow characteristics are
essentially unchanged over this range. Such
linear relationships always occur with laminar
flow but cannot prove its existence because
turbulent flow can also produce this result.
The similarity of the linear relationships at
low flow rates to those at high flow rates,
where turbulence almost certainly is present,
suggests that arterial flow is usually turbulent.
Turbulence may be expected at relatively
low flow rates in nonhomogeneous fluids
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driven by a pulsatile head of pressure through
elastic, branched, tapering, curved tubes.
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