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Erratum to: Blood HbO, and HbCO, Dissociation Curves
at Varied O,, CO,, pH, 2,3-DPG and Temperature Levels
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Department of Bioengineering, University of Washington, Box 355061, N210G North Foege Bldg, 1705 NE Pacific St.,
Seattle, WA 98195-5061, USA

Abstract—New mathematical model equations for O, and
CO, saturations of hemoglobin (Subo, and Supco,) are
developed here from the equilibrium binding of O, and CO,
with hemoglobin inside RBCs. They are in the form of an
invertible Hill-type equation with the apparent Hill coeffi-
cients Kppo, and Kppco, in the expressions for Sppo, and
Subco, dependent on the levels of O, and CO, partial
pressures (Po, and Pco,), pH, 2,3-DPG concentration, and
temperature in blood. The invertibility of these new equa-
tions allows Pp, and Pco, to be computed efficiently from
Subo, and Supco, and vice versa. The oxyhemoglobin
(HbO,) and carbamino-hemoglobin (HbCO,) dissociation
curves computed from these equations are in good agreement
with the published experimental and theoretical curves in the
literature. The model solutions describe that, at standard
physiological conditions, the hemoglobin is about 97.2%
saturated by O, and the amino group of hemoglobin is about
13.1% saturated by CO,. The O, and CO, content in whole
blood are also calculated here from the gas solubilities,
hematocrits, and the new formulas for Suyo, and Shvco,-
Because of the mathematical simplicity and invertibility,
these new formulas can be conveniently used in the modeling
of simultaneous transport and exchange of O, and CO, in the
alveoli-blood and blood-tissue exchange systems.

Keywords—Mathematical modeling, Hill equation, Oxyhe-
moglobin and carbamino-hemoglobin dissociation curves,
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History: This article corrects the errors made in the publication of
the original article (Dash RK and Bassingthwaighte JB. Blood HbO,
and HbCO, dissociation curves at varied O,, CO,, pH, 2,3-DPG and
temperature levels. Ann Biomed Eng 32(12):1676-1693, 2004.) when
the publisher failed to send galley proofs to the authors for review.
Corrections were listed as an appendix to a later publication (Dash
RK and Bassingthwaighte JB. Simultaneous blood—tissue exchange
of oxygen, carbon dioxide, bicarbonate and hydrogen ion. Ann
Biomed Eng 34(7): 1129-1148. 2006), except for one in Eq. 11 where
it should have been specified that the DPG (bisphosphoglycerate)
concentration was 4.65 mM, not molar. The equations here match
the model code downloadable at www.physiome.org/model/.

The online version of the original article can be found under
doi:10.1007/310439-004-7821-6.

Effects of pH, 2,3-diphosphoglycerate, and temperature,
Nonlinear O,—CO, interactions, Bohr and Haldane effects.

INTRODUCTION

As blood passes through capillaries, the affinity of
hemoglobin (Hb) for O, and CO, changes along the
length of the capillary. Each O, and CO, reduce the
affinity of Hb for the other. Changes in pH and tem-
perature have synergistic effects. In metabolizing tis-
sue, the blood warms, becomes more acidic, and
carries more CO, as it progresses along the capillary;
the rising temperature, the diminishing pH, and the
rising Pco, all reduce the affinity of Hb for O, and
foster O, release from Hb into the tissue. The loss of
O, from Hb into the tissue fosters the uptake of CO,
by Hb, though this effect is small compared to the
buffering by bicarbonate. In the lungs, the reduction in
temperature, the loss of CO,, and the concordant ris-
ing of pH all foster increasing the affinity of Hb for O,.
Thus the local influences in lung versus tissue capil-
laries are ideally suited to maximize the delivery of O,
from alveolar air to tissues and the removal of CO,
from tissue to alveolar air. The other solute having a
significant influence on the binding of O, to Hb is 2,3-
diphosphoglycerate (2,3-DPG); raising [2,3-DPG] lev-
els, as occurs with altitude and in diabetes, reduces the
O, binding to Hb, shifting the oxyhemoglobin (HbO,)
dissociation curve to higher Psqs, just like higher CO»,
lower pH and higher temperature do.

Early Development of Oxyhemoglobin Dissociation
Descriptions

Numerous mathematical models have been pro-
posed in the literature to describe the standard and
nonstandard HbO, “‘equilibrium” dissociation curves
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since the pioneering work of Hill'® and Adair.! These
are reviewed extensively by Roughton,” Antonini and
Brunori,2 Baumann ef al.’ and Popel.27 We shall
henceforth, for brevity, call the HbO, “equilibrium”
dissociation curves the HbO, dissociation curves
(ODC). Hill"? originally postulated an nth-order one-
step kinetic hypothesis for O, binding to Hb to derive
the simplest model for standard ODC involving only
two parameters. Hill’s equation for the ODC describes
the oxygen saturation Sp, as a function of oxygen
partial pressure Po, relative to the half-saturation level
Pso:

_ K02P1(1)2 _ (Poz/PSO)n
1+ Ko, P4, 1+ (Po,/Ps)"

SOz (1)
where Ko, is the Hill coefficient and n is the Hill
exponent. They are related by Ko, = (Pso) " where Ps
is the level of Po, at which Hb is 50% saturated by O,.
The value n = 2.7 was found to fit well to the data for
normal human blood in the saturation range of 20—
98%2° for which the value of Ps, is about 26.8 mmHg.
This gives Ko, = 1.3933 x 10~* mmHg . Hill’s equa-
tion is analytically invertible.

Subsequently, Adair' postulated a more realistic
four-step kinetic hypothesis (known as the intermediate
compound hypothesis) and derived a more accurate
formula for standard ODC involving four distinct
parameters. Because of its better accuracy, Adair’s
equation has been particularly useful in the analysis of
experimental data at very low and very high Pg, ’g,28:3040
Winslow et al.** developed an algorithm for computing
the nonstandard ODCs by analyzing fresh human whole
blood data over a range of O, and CO, partial pressures,
pH, and [DPG]/[Hb] concentration ratio using the
Adair’s equation. O’Riordan et al.*® compared nine
different models, including Hill’s equation and Adair’s
equation, by fitting them to the data for normal human
whole blood. Hill’s equation was found to give good
characterization of the data over the saturation range of
20-98%, confirming the earlier finding of Roughton,*
which is the range of major physiological interest.
However, Adair’s equation was found to be accurate at
saturations approaching 100% and was good also down
to a little less than 10% saturation (see also Baumann
et al.,” Roughton,”® Roughton et al.,”* Roughton and
Severinghaus®).

The Need for a Model with Practical Accuracy and
Convenience

The aim of this study is to provide an expression
describing the relationship between hemoglobin satu-
ration and Po, over a wide range of not only Pp, but
Pco,, pH, 2,3-DPG, and temperature, a total of five

variables. It is furthermore important that this
expression be invertible so that one can convert from
observations on a blood sample to the relevant chem-
ical driving forces and to the total contents of oxygen
and carbon dioxide in the blood. Our efforts in
searching for extensive data sets covering large ranges
of these five variables met with failure: Winslow
et al’s** data were by far the most extensive, but the
original data tables have not been preserved, though of
course they are summarized by the Psy’s he reported.
Consequently we have been reduced to fitting these
“summaries” defined through other models rather
than performing optimizations to parameterize our
new, more broadly defined model against original
experimental observations. This compromise 1is
acceptable because of the many observations and
analyses (referenced above and in the following para-
graphs) on which it is based.

Development of Further Oxyhemoglobin Models

Margaria et al.>> and Margaria®* modified Adair’s
equation by expressing the four Adair constants in
terms of two distinct parameters, one representing the
O, affinity for first three heme sites and the other rep-
resenting an increased affinity for fourth oxygenation.
Subsequently, Kelman'® proposed an empirical for-
mula (also see Kelman'?) for converting O, tension into
its saturation; it is a little more complicated than
Adair’s, using seven distinct parameters. For nonstan-
dard physiological conditions, a virtual O, tension was
computed as a function of pH, Pco,, and temperature
from the experimental data and curve-fitting results of
Severinghaus.* Kelman’s formula gives negative val-
ues of So, for Po, < 10 mmHg, the physically unreal-
istic values indicating failure of the algorithm in the
region 0 mmHg < Po, < 10 mmHg. Later, Kelman®
proposed a quadratic formula for So, for this range. It
is worth pointing out here that the models proposed by
Adair,' Margaria,>* and Kelman'® are not analytically
invertible. Therefore, to obtain Po, from So,, an iter-
ative numerical method had to be employed.

Severinghaus®® developed a simple and accurate
empirical formula for standard ODC by modifying
Hill’s equation. For nonstandard physiological condi-
tions, appropriate Po, factors for pH, base excess and
temperature were used, assuming as usual that these
variations do not alter the shape of the curve. The
significance of this model is that it fits the normal
human blood data to within £0.0055 S, in the range
0 < So, < 1. Later, Ellis’ and Severinghaus34 estab-
lished that Severinghaus’s® model is analytically
invertible. The motivation behind Severinghaus’s*
new model is that Roughton was never satisfied with
the Adair’s equation as he could not use the normal
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human blood data to generate the needed unique set of
Adair’s constants and get a good O, saturation curve
(e.g., see Roughton er al.*®*° and Roughton and
Severinghaus®”). Adair’s equation does not accommo-
date the Hb affinity change for O, which occurs when
the second O, is bound to Hb and the shape of the Hb
molecule changes. Severinghaus’s®® new cubic formula
accounts for this affinity change and fits the data far
better. Later, Siggaard-Andersen et al.’’ developed a
different empirical formula for standard and non-
standard ODCs which fits very well to the model and
data of Severinghaus.*> However, Siggaard-Andersen
et al’s’” equation is not analytically invertible and
requires an iterative numerical method for inversion
(e.g., they used a Newton—Raphson method).

Easton® proposed a new paradigm involving two
parameters for characterizing the standard ODC. His
mathematical description was based on the assumption
that the formation of HbO,, and hence O, saturation
of Hb, is exponentially related to the O, partial pres-
sure. Buerk® modified Easton’s formula and fitted it to
normal human and dog blood data®****° using a linear
regression algorithm; the modified Easton’s model was
found to fit well to the data in the saturation range of 0
to 95%, providing the same accuracy as that of Adair’s
model. Buerk and Bridges’ further modified Easton’s
formula and developed an algorithm for computing the
nonstandard ODCs with varying pH, CO, partial
pressure, [DPG]/[Hb] concentration ratio, and tem-
perature. The dissociation curves computed through
this revised formula were found to agree well with
those computed from the algorithms of Kelman'®"
and Winslow er al.** The model proposed by Easton®
and subsequently modified by Buerk® and Buerk and
Bridges’ is analytically invertible, so one can efficiently
calculate So, from Po, and vice versa. However, since
these models are good only up to 95% So,, we have
developed the present model which is good above this
level.

Carboxyhemoglobin

There are few mathematical models available in the
literature for computing the CO, saturation of hemo-
globin and CO, content in whole blood. Kelman?!
described an algorithm for computing the whole blood
CO, content from the levels of pH, CO, tension, O,
saturation and temperature in blood. Forster et al.'®
and Forster'! have studied the rate of reaction of CO,
with Hb to form HbCO, (carbamino-hemoglobin) at
various physiological conditions. Hill et al.'*'® and
Salathe et al.*' have computed the concentration of
HbCO, during O, and CO, exchange through mathe-
matical modeling by accounting for the physical and
biochemical processes including the acid—base balance.

Later, Singh er al.,*® extending their earlier work,*
developed mathematical formulas for nonstandard
HbO, and HbCO, dissociation curves from the equi-
librium binding of O, and CO, with Hb inside RBCs;
these were similar to Hill’s equation but included the
effects of Po,, Pco, and pH. However, the effects of
2,3-DPG and temperature were not established. More
recently, Huang and Hellums'’ developed a computa-
tional model for convective-diffusive gas (O, and CO,)
transport in the microcirculation and in oxygenators
by accounting for the acid—base regulation and the
Bohr and Haldane effects (increasing Pco, or pH
reduces O, affinity of Hb and increasing P, reduces
CO, affinity of HD).

The Consequence of This Study

This study fulfills an important requirement in the
physiological studies of simultaneous O, and CO,
transport and exchange by including the influences of
Hb-mediated nonlinear O,-CO, interactions'* 7!
and the related changes in pH that occur with passage
through capillaries in tissues and in the lung.
Accounting for both Bohr and Haldane effects is cru-
cial in the modeling of simultancous transport and
exchange of O, and CO,; in the circulatory system. For
example, an important clinical application using the
results of the present work is in using '’O-oxygen
positron emission tomography (PET) and in the anal-
ysis of signals from BOLD (blood oxygen level
dependent) MRI (magnetic resonance imaging). Our
governing equations account for O, saturation of Hb
as well as CO, saturation of Hb, which are coupled or
linked to each other through the kinetics of O, and
CO, binding to Hb. With this motivation, by consid-
ering a detailed mathematical analysis of the equilib-
rium binding of O, and CO, with Hb inside RBCs,
including the nonlinear O,—CO, interactions and the
effects of pH, 2,3-DPG and temperature, we end up
with relatively simple model equations for nonstan-
dard HbO, and HbCO, dissociation curves, as well as
the O, and CO, contents in whole blood.

The equations for O, and CO, saturations of Hb
(Subo, and Supco,) are of the form of a Hill-type
equation which is invertible. The apparent Hill coeffi-
cients Kmpo, and Kppco, in the expression for Smpo,
and Supco, are explicitly dependent on the levels of O,
and CO, partial pressures, pH, 2,3-DPG concentra-
tion, and temperature in blood. The results show that,
at normal physiological conditions, Hb is about 97.2%
saturated by O, and the amino group of Hb is about
13.1% saturated by CO,. The invertibility of our
model equations for Sppo, and Sppco, allows their
convenient usage in computationally complex models
of simultaneous transport and exchange of O, and
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CO, in the pulmonary and systemic circulations. The
mathematical modeling language (MML) code for our
model, which is implemented in our Java Simulation
(JSim) interface, is available for download and public
use at http://physiome.org/Models/GasTransport/.

MATHEMATICAL FORMULATION

Governing Biochemical Reactions

The dynamics of hemoglobin-facilitated transport
of O, and CO, in blood and their nonlinear interac-
tions are governed by the following biochemical reac-
tions inside RBCs,>!429:31.38 Hemoglobin, Hb, consists
of four heme-amino chains, two o and two f chains;
each contains a heme group, Hm, which binds to an O,
molecule and has a terminal amino group, —NH,,
which can bind to a CO, molecule to form an ionizable
carbamino terminus, -NHCOOH. We consider the o
and f chains to be identical in their binding with CO,.
The four heme sites for O, binding show cooperativity
so that an HbO, saturation curve has a Hill exponent
of about 2.7. Therefore, we consider Hb as of 4 Hm
(i.e., Hb = Hmy). The governing reactions are:

CO; hydration reaction—HCO5, buffering of
COzl

kf/ K//
CO, + Hzo]%HzcoﬁHco; +HY  (2a)
<0y

CO» binding to HmNH, chains—HmNHCOO™
buffering of CO,:

kf;
CO, + HmNHzimeNHCOOH

K(/
SHmNHCOO™ + H*.  (2b)

CO, binding to OoHmNH, chains—O,HmNH-
COO™ buffering of CO,:

K,
CO, +0,HmNH, ;_joszNHCOOH
3

K"

=0,HmNHCOO™ +H". (2)

O, binding to HmNH, chains—one-step kinetics
using the Po,-dependent values of the rates of
association and dissociation to accounts for the
cooperativity.

kfy

0, + HmNH,=0,HmNH,. (2d)

kb,

Ionization of HmNH, chains—pH buffering:

K//
HmNH{ SHmNH, + H*. (2¢)

Tonization of O,HmNH, chains—pH buffering:

11
Ké

OzHIl’lNH;‘:OszNHz + H'. (Zf)

HmNH, and O,HmNH, refer to the reduced and
oxygenated heme sites attached to the amino chain,
HmNH7 and O,HmNH] denote their ionized forms;
HmNHCOOH and O,HmNHCOOH refer to the
reduced and oxygenated carbamino chain, HmNH-
COO™ and O, HmNHCOO™ denote their ionized forms;
kf] and kb’ are the rate constants of forward and back-
ward direction reactions; KY, Kj, K%, K7 and K| are
the ionization constants of H,COs;, HmNHCOOH,
O,HmNHCOOH, HmNHJ and O,HmNH3 . The units
of kf], kfy, kf}, and kfj are M~'s™'; kb|, kb, kb,
and kbj areins™'; K/, K3, K4, K? and K} are in M.

In plasma, the CO, hydration reaction (2a) is slow,
but it is fast within RBCs because there is carbonic
anhydrase in the cytosol and on the membrane. The
uptake of O, and CO, by Hb inside RBCs is governed
by reactions (2b), (2¢) and (2d). Reactions (2¢) and (2f)
act as a buffer system and control the concentration of
H™ in RBCs. The interaction between O, and CO, is
mediated by the proton H" within RBCs via reactions
(2a) to (2f).

The binding of CO, with the four amino groups of a
hemoglobin molecule is noncooperative in nature. So
the kinetics of CO, uptake by Hb can be represented
by reactions (2b) and (2c) with the rate and equilibrium
constants fixed. However, the binding of O, with Hb
takes place in four intermediate steps and is coopera-
tive in nature due to the interactions between the
binding heme sites.” To account for this through our
one-step kinetic approach in reaction (2d), we use the
equilibrium “constant” K (= kf}/kb}) a function of O,
partial pressure Po,; K} also depends on the levels of
pH, Pco,, 2,3-DPG concentration, and temperature
inside the RBCs.*

Equilibrium Relations

The reactions (2a)—(2f) are not instantaneous and
can be described through a set of ordinary differential
equations. However, these reactions approach equi-
librium within about 20 ms, so the equilibrium
descriptions through algebraic equations are very close
to the truth. Therefore, from here on, we use the ratios
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of the on-to-off rate constants, that is, the equilibrium
constants, instead of the rate constants. At equilib-
rium, we obtain the following set of algebraic relations
from the set of reactions (2a)—(2f), where we denote [']
as the concentration of a species in the water space of
RBCs:

K}[CO,] = [H,COs], (3a)

K{[H,COs] = [HCO3 |[H), (3b)
K,[CO,)[HmNH,] = [HmNHCOOH],  (3¢)
K{[HmNHCOOH] = [HmNHCOO][H*],  (3d)
K4[CO,][0,HmNH,] = [0,HmNHCOOH],  (3¢)

K![0,HmNHCOOH] = [0,HmNHCOO|[H*], (3f)

K;[02][HmNH,| = [O,HmNH,], (3g)
K{[HmNH{] = [HmNH,][H"], (3h)
K{[O,HmNHZ | = [O,HmNH,][H"], (3i)

where the equilibrium constants K, K, K3, and K,
are defined by

K’lfkfl

o B o K K
kb, K K.

e T ST
(4)

Pure water (H,O) has a molecular weight of 18 g/
mole so that its concentration in plasma, which is 94%
water, is about 55.56 x 0.94 = 52.23 M which is very
high as compared to the total solute concentration
(280 mM) in plasma. This leads to K/ being practically
a constant. The units of K5, K} and K}, are M~ '; K] is
unitless; K, is dependent on [O,], [CO,], H'], [2,3
DPG] and T.

The concentrations of total hemoglobin, total O»-
bound hemoglobin, and total CO,-bound hemoglobin
in RBCs are given by

[Hb] = 4([HmNH,] + [HmNH;S | + [HmNHCOOH]
+ [HmNHCOO™| + [0O,HmNH,)]
+ [O,HmNH; | + [0, HmNHCOOH]
+ [0, HmNHCOO ™), (52)

[H2O]7 KIZ -

[HbO,] = 4([0,HmNH,] + [O,HmNH] |
+ [O,HmNHCOOH]
+ [0, HmNHCOO ™)), (5b)

[HbCO,] = 4([HmNHCOOH] +
+ [0,HmNHCOOH]
+ [0,HmNHCOO ). (5¢)

[HmNHCOO |

The values of -NHCOOH dissociation constants
K% and K7 are usually higher than 107 M'%!"" while
the concentration of H' in RBCs is about
5.75 x 107® M (i.e., pH in RBCs is about 7.24 when
pH in plasma is about 7.4). So the concentrations of
HmNHCOOH and O,HmNHCOOH are usually two
orders of magnitude smaller than those of HmNH-
COO~ and O, HmNHCOO™.'* Nevertheless, extend-
ing the work of Singh eral,*® we include the
contributions of HmMNHCOOH and O, HmNHCOOH
for conceptual completeness and improved accuracy.

Using Egs. (3¢)—(3i) in Egs. (5a), (5b) and (5¢), we
obtain the following explicit expressions for the con-
centrations of total hemoglobin, total O,-bound
hemoglobin, and total CO,-bound hemoglobin in
RBCs:

[Hb] = 4[HmNH,]

(icoafr+ i} + {1+t )

+ K0 (K’ co{1+ )
Al
[HbO,] = 4[HmNH,] | K,[O ( Coz{ }
0 -
RS E—— (Kz[wﬂ{l i)

(6¢)

o (igconf 1+ K1)

Expressions for Supo, and Smpco,

The fractional O, and CO, saturations of Hb (Supo,
and Spbco,) 1s obtained from Eqs. (6a), (6b) and (6¢) as
the ratios [HbO,]/[Hb] and [HbCO,]/[Hb]. Putting
these in the form of the Hill'® equation gives the
advantage of their being analytically invertible,
allowing the O, and CO, concentrations ([O,] and
[CO,]), or their partial pressures (Po, and Pco,), to be
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calculated efficiently from their fractional saturations
(Suvo, and Smbco,) and vice versa (see Appendix B).
These expressions for Sgpo, and Supco, are formulated
as for single-site binding and a Hill exponent of unity
and therefore using concentration-dependent Hill
coefficients:

[HbO)  Kirno, O3]
[Hb] 1 + KHbOz [02]7

SHbOZ = (7&)

[HDCO)] Ko, [CO)
[Hb] 1+ KHbco2 [COQ]7

SHbco, = (7b)
where the apparent Hill coefficients Kypo, and Kppco,
(with units M~") account for the influences of Po,,
Pco,, pH, [2,3-DPG] and T as well as the nonlinear
0,—CO; interactions on the binding of O, and CO,
with Hb inside RBCs. These concentration-dependent
Hill coefficients are quite different from the constant-
valued Hill coefficient of Eq. (1). The expressions for
Ko, and Kupco, are given by

Ky (K5[COo {1+ 5 b+ {1+ B}

pricoll e} - [ )
(k{1 + g ek + {1+ g h0a))

({1 + 5 } +K’{1 + 0 }[02])
(8b)

Ko, and Kppco, depend on [2,3-DPG] and T
through their dependency on K (see below). The Psg
for 50% HbO, saturation is not a constant, but also a
function of Pco,, pH, [2,3-DPG] and 7. Note that the
form of Eqgs. (7a) and (7b) is first order and that the
Hill exponent inferred by analogy to Eq. (1) is unity.
This means that the fundamental S-shape of the HbO,
dissociation curve is built into the dependency of
Kuvo, on [O,]. The linkage between Kypo, and Kupco,
can be deduced from the fact that the equilibrium
constants K’, K7 and K7 for deoxygenated Hb are
higher than K%, K and K for oxygenated Hb.

Kwvo, = , (8a)

Kupco, =

; d
Expression for K

The forward rate constant Kf, for the association of
O, with HmNH, and the backward rate constant Kb/,
for the dissociation of O, from O,HmNH, depend on
the levels of Po,, Pco,, pH, [2,3-DPG] and T'in RBCs.*
We characterize the dependency of the equilibrium
constant K, = kf}/kb, on [O5], [CO,], [H "], [2,3-DPG]

and T through the following power-law proportional-
ity equation:

R R

(oror) (7}

{146 uM} {57&5I ;]M}_

{1 3(1*%1\4}”2{4'[?:51]\4}"3{310{ K}n4’
)

where the proportionality equilibrium constant K} and
the empirical exponents n;, i =0, 1, ..., 4, are to be
determined. The subscript ““S” refers to the values
under standard physiological conditions in the arterial
system: [Oy]s = 146 uM (or Po, = 100 mmHg),
[COs)s = 1.31 mM (or Pco,, = 40 mmHg), [H']s =
57.5nM (or pHg = 7.24), [2,3-DPGJs = 4.65 mM,
and 75 = 310 K = 37 °C in RBCs (see Table 1). At
these conditions K}, = KJ;so K is also in the units of
M~'. The standard hematocrit, Hct, is about 0.45 and
the Hb concentration in blood, [Hb]y,, is about 0.15 g/
mL or 2.33 mM taking the molecular weight of Hb to
be 64458." Thus, [Hb]y is about 5.18 mM. Buerk
and Bridges’ have used the molar concentration ratio
[2,3-DPG]/[Hb] as 0.9 which corresponds to [2,3-
DPG] = 4.65 mM.

Now we see that Eqgs. (8a) and (8b) along with
Eq. (9) completely determine the apparent Hill coeffi-
cients Kppbo, and Kupco,. Singh et al.*® did not account
for the effects of [CO,], [2,3-DPG] and T on the
equilibrium constant K} in their modeling. So their
case corresponds to Eq. (9) with n, = n3 = ny = 0 and
nonzero ny and n;.

X

fi

X

Expressions for oo, and oco,

The equations for fractional saturations, Sypo, and
Subco,, and apparent Hill coefficients, Kuno, and
Kivco,, can be expressed in terms of O, and CO,
partial pressures, Po, and Pco,, by expressing the
molar concentrations [O,] and [CO,] in water space of
RBCs in terms of Po, and Pco, using Henry’s law:
[O,] = 2o, Po, and [CO;] = aco, Pco,, where oo, and
aco, are the solubilities of O, and CO, in water. At
body temperature (7 = 37 °C), oo, = 1.46 x 10°¢
M mmHg ' and oco, = 3.27 x 107> M mmHg ™",
The variation of ¢, and oco, with temperature (7')
can be expressed through the following quadratic
curve-fit equations'®! based on the experimental data
of Hedley-Whyte and Laver'? on ao, and Austin et al.’
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TABLE 1. The representative values of the parameters used in the model.

Symbol Definition Value Unit Equation Reference

K{ lonization constant of H,CO3 55 x 1074 M 2a, 3b 14-16

K] Equilibrium constant for hydration of CO, 1.35 x 1072 Unitless 3a, 4 14-16
(K{ = [H0] kf{ / kb})

K Equilibrium constant for overall CO, hydration reaction (K = K{K{') 7.43 x 1077 M *

Ky lonization constant of HMNHCOOH 1x10°¢ M 2b, 3d 10,11,14,15

K Equilibrium constant for uptake of CO, by reduced hemoglobin 29.5 M- 3c, 4 *
(K = kfy/ kb, = Kz /KY)

Ko Equilibrium constant for overall uptake of CO, by reduced hemoglobin 2.95 x 107° Unitless 2
(Ko = K}KY)

Ky lonization constant of O,HMNHCOOH 1x10°° M 2c, 3f 10,11,14,15

K Equilibrium constant for uptake of CO, by oxygenated hemoglobin 251 M- 3e, 4 *
(K3 = kfy/kby = K3/ Kg)

Ks Equilibrium constant for overall uptake of CO, by oxygenated 251 x 107° Unitless 2
hemoglobin (K3 = K3K3)

K Equilibrium constant for uptake of O, by hemoglobin under standard 202123 M- 39,4,9 7
physiological conditions (K, = kf,/ kb, = kf} /kb] = K}/)

Ky Proportionality equilibrium constant for uptake of O, by hemoglobin 202123 M1 9 T

Kg lonization constant of HmNHz* 2.63 x 1078 M 2e, 3h 2

K¢ lonization constant of O,HMNHz* 1.91 x 1078 M 2f, 3i 2

Shbo,s O saturation of hemoglobin under standard physiological conditions ~ 97.2% Unitless 7a T

Shbco,s CO» saturation of hemoglobin under standard physiological conditions 13.1% Unitless 7b i

Ripe Gibbs—Donnan ratio for electrochemical equilibrium across 0.69 Unitless 14,16,31,38
the RBC membrane

Nos Exponent on [0,]/[O,]s in the expression for K; under standard 1.7 Unitless 9,15 F
physiological conditions

Ns Exponent on [H*]g/[H'] in the expression for K, under standard 1.06 Unitless 9, 16a F
physiological conditions

Nos Exponent on [CO,]s/[CO;] in the expression for K; under standard 0.12 Unitless 9, 16b F
physiological conditions

N3s Exponent on [DPG]g/[DPG] in the expression for K; under standard 0.37 Unitless 9, 16¢ F
physiological conditions

Ny s Exponent on Tg/T in the expression for K, under standard 4.65 Unitless 9, 16d ¥
physiological conditions

Hct Hematocrit; volume fraction of blood occupied by RBCs 0.45 mL/mL 14-16,31

[HD]y Hemoglobin concentration in whole blood 2.33 or 0.15 mM or g/mL *

[Hbl;ne  Hemoglobin concentration in RBCs ([Hb],,. = [Hb]y, / Het) 5.18 or 0.33333 mM or g/mL *

Wy, Fractional water space of blood at Hct = 0.45 0.81 mL/mL *

Wi, Fractional water space of plasma 0.94 mL/mL 23

Wipe Fractional water space of RBCs 0.65 mL/mL 23

00,6 Solubility coefficient of O, in water at body temperature 1.46 x 107° M x mmHg~" 10a 12,19
(T=137°C)

uco,s  Solubility coefficient of CO, in water at body temperature 327 x10°° M x mmH™"  10a 3,21
(T=137°C)

Psos The level of Po, at which the hemoglobin is 50% saturated 26.8 mmHg 6,7,18,39,40
by O, at STP

Pgogeo.  The level of Peo, at which the hemoglobin is 50% saturated 265 mmHg T

by CO, at STP

* Calculated using the formula in “definition” and data in “value” columns.

T Estimated through the current model as described in the “Results ” section.

The standard physiological conditions are: [Op]s = 146 uM (or Pp,, = 100 mmHg), [CO,]s = 1.31 uM (or Pgo,s = 40 mmHg), [H']s =
57.5 nM (or pHs = 7.24), [2,3-DPG]s = 4.65 M, and Tg = 37 °C inside the RBCs.

on aco,, correcting for the plasma fractional water oco, = [3.07 —0.057(T — 37) + 0.002(T — 37)2}
content, Wy
x [107°/Wy] M/mmHg, (10b)

0o, = {1.37 —0.0137(T — 37) + 0.00058(7T — 37)2 .
. where Wy = 0.94. The first term for ao, is (1.37/

x [107°/W,] M/mmHg, (10a) 0.94) x 10 °or 1.46 x 10°°* M mmHg ' and for aco,
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is (3.07/0.94) x 107> or 3.27 x 107> M mmHg ', as
mentioned above. The solubility of O, and CO,
decreases as temperature increases.

The HbLO, and HbLCO, dissociation curves
described by Egs. (7a)-(7b) and (8a)—(8b) require
knowing the equilibrium constants K}, K}, K} to K{
and the empirical exponents ng, ny, n,, n3 and ny. From
the saturations, Supo, and Supco,, the total O, and
CO, contents in whole blood can be calculated as de-
scribed in Appendix A.

RESULTS: PARAMETER ESTIMATION

The O, and CO, saturations of Hb (Supo, and
SHubco,) and their whole blood contents ([O,]y and
[CO;]p1) depend on the physiological state variables Po,,
Pco,, pH, Het, [2,3-DPG];pc and T, empirical exponents
ng, ny, n», ny and ny, and equilibrium constants
K| to K%, K{ to K/ and Ry The literature does not
provide consistent values for the equilibrium constants.
Singh et al.*® estimated some of them in their theoretical
studies of HbO, and HbCO, dissociation curves, but
their estimates do not match with the experimental
values obtained by Roughton,?® Forster et al.'® and
Forster''  which are the values generally
accepted. 163! Singh er al*® assumed that the Hb
molecule has only one amino chain, —-NH,, and is
capable of binding to only one CO, molecule, but Hb has
four -NH, chains and can bind to four CO, molecules.
Thus, Singh et al.’s estimates are not acceptable for the
kinetic reactions (2a)—(2f). In the present study, we
choose or calculate the equilibrium constant K, K7,
K|, K, K, K, K3, Ky, K5, K%, K¢, and Ry, appro-
priately from the literature (see Table 1 for references)
and then estimate the proportionality equilibrium con-
stant K and the empirical exponents n, 1y, 112, 3 and ny
so as to obtain the appropriate forms and shifts in the
HbO, dissociation curves with respect to the levels of
PHibe, Pco,, [DPGlipe and T in accord with experi-
mental observations and their summaries captured in
the models of Kelman'® and Buerk and Bridges.” The
generality and comprehensiveness of the calculations
might seem disadvantaged by their apparent complex-
ity, but in fact the code for the equations is quite simple
algebra and is viewable (and downloadable) within three
clicks of http://physiome.org/Models/GasTransport.

Calculation of Equilibrium Constants

We choose the values K| = K[ K| = 7.43 x 1077 M,
K/ = 55x 107 M; K, = KyKj = 2.95 x 1075, K} =
1x107°M, K3 = K{K;=2.51 x 107>, K =1x107°M,
K{=2.63 x 10°M, and K = 191 x 10°°M (see
Table 1 for references); K; is the equilibrium constant of

the overall CO, hydration reaction (2a); K, and K3 are
the equilibrium constants of the overall reaction of CO,
with the reduced and oxygenated Hb, reactions (2b) and
(2¢). These give K} = 1.35 x 107°, K, = 29.5 M ' and
K, =251 M, as shown in Table 1. Thus, the equi-
librium constants K,, K, and K? for reduced Hb are
higher than K3, K} and K for oxygenated Hb. This
indicates that the reduced Hb has a greater ability to
bind to CO, than does the oxygenated Hb (e.g., see
Figs. 24 and 26 of Roughton,”” and Fig. 10.11 of
Antonini and Brunori.? The estimation of the propor-
tionality equilibrium constant K and the empirical
exponents ng, 1y, n,, 13 and ny are described below.

Calculation of Oxygen Ps,

The Pso for O (the level of P, at which Hb is 50%
saturated by O») is conventionally used as a measure of
O, affinity of Hb and shift in the HbO, dissociation
curve (ODC). We first calculate the Psy values for
nonstandard ODCs as a function of pH;pe, Pco,,
[DPG],e and T from the model of Buerk and Bridges’
which agree well with those obtained experimentally by
Winslow er al*® We then employ the method of
regression analysis to determine the curve-fit polyno-
mials for these computed Psy values recursively with
one of the variables varying and the other three fixed at
their standard physiological values. We found that the
Pso(PH;be), Pso(Pco,) and Pso([DPGlyy,c) are best-fitted
by quadratic polynomials, whereas Ps(7) is best-fitted
by a cubic polynomial. This is demonstrated through
Fig. 1. The combined best-fit polynomial for
PSO(pHrvaPCOZ 9[DPG]rbc>T) is giVCH by

Pso=26.8—21.279(pH, . — 7.24) +8.872(pH . — 7.24)*
+0.0482(Pco, —40) +3.64E — 5(Pco, —40)°
+795.63([DPG],,,— 0.00465)

—19660.89 ([DPG],,,.— 0.00465)
+1.4945(T—37)+ 0.04335(T—37)?
+0.0007(T—37)°. (11)
The empirical equation for Pso(pH;pe, Pco,, T) from
Kelman’s'® model is given by
Psop =26.8 x 10"[0.4(7.24 — pH,y,.)
+0.06 log(Pco,/40) + 0.024(T — 37)].  (12)

The Pso(pHibe) and Pso(Pco,) computed from
Eq. (11) are more accurate than those computed from
Eq. (12). They agree closely near the standard physi-
ological conditions, but deviate when the conditions
are far different from the standard conditions, as seen
in Figs. la and 1b. The Pso(7T) formulas agree well over
the whole range of 7, as seen in Fig. 1d. Kelman did
not account for the effect of [DPGJ,.
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FIGURE 1. The plot of oxygen Pso (PHpe, Pco,s [DPGliwe, T) With one of the variables varying and the other three fixed at their
standard physiological values. The Pso’s computed from Buerk and Bridges’” model are shown by solid points, from our best-fit
polynomial (11) are shown by solid lines, and from Kelman’s empirical equation (12) are shown by dashed lines.

Figure 1 shows the variation of Psy with pH,,. for
Pco, = 40 mmHg, [DPGlipe =4.65mM and T =
37 °C in panel A; Psy with Pco, for pH. = 7.24,
[DPGl,pc = 4.65 mM and 7 = 37 °C in panel B; Psq
with [DPGlpe for pHi,e = 7.24, Pco, = 40 mmHg
and 7 =37 °C in panel C; and Ps, with T for
pHibe = 7.24, Pco, =40 mmHg and [DPGly,. =
4.65 mM in panel D. The Ps, values from the model of
Buerk and Bridges’ are shown by solid points and the
corresponding best-fit polynomials are shown by solid
lines. The Ps, values from the model of Kelman'® are
shown by dashed lines. This figure illustrates that the
O, affinity of Hb decreases (i.e., the Ps level increases)
as pH decreases (or [H "] increases) and Pco,, [DPG]
or T increases. Also, the O, affinity is significantly
affected by the pH and temperature 7. The values of
Pso computed from Eq. (11) are used here to estimate
the values of K, ng, ny, np, n3 and ny.

Equations for Parameter Estimation

Now eliminating Kupo, from Egs. (7a) and (8a),
then substituting the expression for K] from Eq. (9),

and finally evaluating the resulting equation at 50%
HbO, saturation (Sypo, = 0.5), we obtain the follow-
ing equation relating K, ng, ny, n», n3 and ny to Psy:

KK, 1
4 factnO _ — (13)
Kiatio [OZ}S (0502 PSO) "

where K., and Kp,. below characterize the nonlinear
0O,—CO, interactions:

(kslcon {1+ )+ [ ml)
(rcon{t+ b+ {1 B

e (it} (o) {eer) (3
(14b)

Pso = Pso ([H'], [CO,], [DPG], T) on the right
hand side of Eq. (13) is based on the model of Buerk
and Bridges’ which is plotted in Fig. 1 and is given by
the polynomial (11). We use Egs. (13), (14a) and (14b)
to estimate the values of K, ng, ny, 1, n3 and ny.

Kratio = ( 143)
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Estimation of Kjj and ny

Now the proportionality equilibrium constant K
and empirical exponent ny can be estimated simulta-
neously by fixing the physiological state variables at
their standard values: [H"] = [H "]s (or pH = pHy),
[CO,] = [COyJs (or Pco, = Po,), [DPG] = [DPGJs,
and T = Ts. Then Eq. (13) becomes independent of the
exponents ny, n,, ny and ny (because all the ratios in
K. are 1) and so depends only on the exponent r,y. On
comparing the resulting equation with the relation
between the Hill exponent and Hill coefficient (given
below Eq. 1), we obtain the following estimations for
K] and ny:

Kralio,S [OZ]gO

(OCOZ_ SPSO, S) 1+ng

Under standard physiological conditions in the arte-
rial system, we have [O,] = [O]s = 146 uM (or Po, =
Po,, = 100 mmHg), [CO,] = [COy]s = 1.31 mM (or
Pco, = Pco,s = 40 mmHg), [H']=[H"]s= 575
nM (or pH = pHg=724), [DPG]=[DPG]s=
4.65 mM,and T'= Ts = 37 °Cin RBCs; pH = 7.24 in
RBCs corresponds to pH = 7.4 in plasma, because the
Gibbs—Donnan ratio R, for the electrochemical equi-
librium condition across the RBC membrane is about
0.69'4 103138 the value [DPG] = 4.65 mM corresponds
to the ratio [DPG]/[Hb] = 0.9 which is used as the
standard ratio by Winslow er al.*’ and Buerk and
Blridges.7 Under these conditions, Psy= Psps =
26.8 mmHg for human blood,*”*** which when
substituted into Eq. (15) gives the estimation K =
202123 M~ that is independent of the choices of ny, 1,
ny and n4. It can be noted here that one can use
Po,, = Psps = 26.8 mmHgas the reference Po, instead
of Po,; = 100 mmHg. However, this will give a differ-
ent estimate of KJ, while the estimate ny = 1.7 will
remain unchanged.

The current model can be made to fit the Adair
model (or Severinghaus’s®® model) by adjusting
parameters so that Eqs. (7a), (8a) and (9) fit Adair’s
equation (or Severinghaus’s* equation). In this case,
the exponent ny will be obtained as a function of Po,.
However, we avoid this because the Supo, to Po, rela-
tionship will then no longer be analytically invertible.
See Appendix A for the calculation of blood O, content
from saturation, Supo,, and Po,, and see Appendix B
for calculating Po, from Smpo, and the Psg, taking into
account Pco,, pH, [2,3-DPG], Hct, and T.

K = and ny=1.7. (15)

Estimation of n;, n», n3 and ny

The empirical exponents n;, n,, n3 and ny are
estimated as independent of each other. These are

estimated recursively by varying one of the physio-
logical state variables and fixing the others at their
standard values. For example, the exponent n; is
estimated by varying the level of pH and fixing the
levels of Pco,, [DPG] and T at their standard values
Pco,s, [DPGJs and Ts. In this case, Eq. (13) becomes
independent of the exponents n,, n; and ny with the
pH or [H"] as the only varying variable. From this
resulting equation, the functional expression for n; as
a function of pH or [H'] can be obtained. In a
similar fashion, the functional expressions for n, as a
function of Pco, or [COy], n; as a function of
[DPG], and n4 as a function of T can also be
obtained. These are given by the following exact
expressions:

7 1
log [Kratio,l [0,]¢’ / K (00,5 Ps0,1) +n0]

ny (pHrbc) = pH e — pH beS ’
rbe rbe,
(16a)
» 10g |:Kratio,2 [02]2()/KZ ((sz_s P50,2) l+"“:|
nZ( COZ) - log(PCOzs/PCOz) ’
(16b)

!
log [Kratio,S [0,]¢ / K} (00,4 Pso3) MU}

log <[DPG]rbC,S / [DPG]rbc)
(16¢c)

n3([DPGl ) =

7 log |:Kratio,4 [OZ]gO/KZ (O‘Oz,s P50~,4) 1+”0:|
1) = log(T5/T)

where the Psy’s are given by the polynomial expression
(11) and the second subscript “1°°, <27, “3” or “4”
indicates that a particular one of the variables pH .,
Pco,, [DPGl,pe or T is varying.

Figure 2 shows the variation of n; with pH,,. for
Pco, =40 mmHg, [DPGlipe =4.65mM and 7T =
37 °C in panel A; n, with Pco, for pHp,. = 7.24,
[DPGl;pe = 4.65 mM and T = 37 °C in panel B; n3
with [DPG],. for pHype = 7.24, Pco, = 40 mmHg and
T = 37 °C in panel C; and ny4 with T for pH,,. = 7.24,
Pco, = 40 mmHg and [DPGJ,,. = 4.65 mM in panel
D. It is depicted that the exponent n4 is considerably
larger compared to the other exponents n, n, and ns,
whereas the exponent n, is very small. This is because
the effect of temperature 7 on the O, affinity is very
significant and that of Pco, is relatively small. These
calculated functional forms of the exponents ny, 1y, 13
and ny are used here to compute Subo,, SHbCO,> [O2]bi
and [CO;],. However, for simplicity, the standard
values ns = 106, nys = 012, n3s = 037, and

, (16d)
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FIGURE 2. The exponents for Eq. (9); the plots of ny(pH;p ), N2(Pco,), Ns([DPGliwe) and ng(T) with the other three variables fixed at
their standard physiological values. These are computed from Eqs. (16a)—(16d) using the estimated value of K; and n, and the

best-fit polynomial (11) for oxygen Psq.
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FIGURE 3. The comparison of the HbO, dissociation curves
computed from our model, Kelman'® model, and Buerk and
Bridges’ model for different values of pH,,. with Pco,,
[DPG]»e and T fixed at their standard physiological values.

nys = 4.65 (see Table 1; calculated using the standard
physiological conditions) can also be used. In this case,
the shifts in the HbO, saturation curves will not be
very accurate. The results are summarized through
Figs. 3-6, presented below.

DISSOCIATION CURVES AND BLOOD
GAS CONTENTS

Oxyhemoglobin (HbO,) Dissociation Curves

Figure 3 shows the comparison of the HbO, disso-
ciation curves computed from current model,
Kelman'® model and Buerk and Bridges’” model for
pHipe = 6.92, 7.24 and 7.56 with Pco, = 40 mmHg,
[DPGl;pe = 4.65 mM and T = 37 °C. It is seen that
these curves are in fairly good agreement with each
other over the entire saturation range, although our
curves are consistently slightly below the curves of
Kelman and Buerk and Bridges when Shpo, < 30%. In
this range, our curves are not very accurate, since our
model is based on the Hill’s equation, which is con-
sidered to be accurate only in the saturation range of
20 to 98%.% and one might therefore prefer their
models at very low Pg, even though inversion is more
difficult. However, for Suso, > 30%, our curves agree
closely with the curves of Buerk and Bridges which
were fit to actual human and dog blood HbO, satu-
ration data of Roughton et al.,”® Roughton and
Severinghaus,’® Winslow er al.,** and Sveringhaus.™
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Peo, =40 mmHg, [DPGlyy, = 4.65 mM, T = 37 °C
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FIGURE 4. The quantitative behavior of the HbO, dissociation curves at various physiological conditions (i.e., with varying levels
of pHue, Pco,, [DPGlioc and T) as computed from Eqs. (7a), (8a), (9), (15), and (16a)—(16d).

Also Kelman’s model does not give accurate shifts in
HDbO, dissociation curves when physiological variables
deviate far from their standard values.

Figure 4 shows the variation of Supo, with Po, for
different values of pH,,. with Pco, = 40 mmHg,
[DPGlpe = 4.65 mM and T = 37 °C in panel A; dif-
ferent values of Pco, with pH;,. = 7.24, [DPGl,p,. =
4.65 mM and T = 37 °C in panel B; different values of
[DPGlipe with pHype = 7.24, Pco, = 40 mmHg and
T = 37 °C in panel C; and different values of 7" with
pHibe = 7.24, Pco, = 40 mmHg and [DPGly,. =
4.65 mM in panel D. The HbO, dissociation curve
shifts to the right (i.e., the Psy for O, increases, or O,
affinity of Hb decreases) as pH decreases (or [H "]
increases) and Pco,, [DPG] or T increases. This dimi-
nution of Hb affinity for O, as pH decreases or Pco,
increases is known as the Bohr effect, so our model
provides a quantitative description of the Bohr effect.
The shifts in the HbO, dissociation curve with changes
in Pco, or [DPG] are small as compared to those
occurring with changes in pH and 7 the O, affinity of
Hb is most sensitive to temperature 7. Undoubtedly
the fit of these models to complete data sets (such as

the unfortunately unavailable set of Winslow er al.*
would result in improved parameter estimates, but
these curves should be accurate roughly to 2 or 3% for
Pco,’s above 20 mmHg.

Carbamino-Hemoglobin (HbCO;) Dissociation Curves

Figure 5 shows the variation of Supco, With Pco,
for different values of pH;p. with Po, = 100 mmHg,
[DPGl;pe = 4.65 mM and T = 37 °C in panel A; dif-
ferent values of Po, with pH;pe = 7.24, [DPGlipe =
4.65 mM and T = 37 °C in panel B; different values of
[DPG]p. with pHy,. = 7.24, Po, = 100 mmHg and
T = 37 °C in panel C; and different values of 7" with
pHipe = 7.24, Po, = 100 mmHg and [DPGl,. =
4.65 mM in panel D. It is seen that the behavior of the
HbCO, dissociations curves (hyperbolic) is quite dif-
ferent than the HbO, dissociation curves (sigmoid).
Also, at fixed values of Po,, Pco,, pH, [DPG] and T,
the Hb saturation of CO, (Subco,) is considerably
lower than the Hb saturation of O, (Smupo,). This is
because the CO, binding to Hb is noncooperative in
nature,” whereas the O, binding to Hb is cooperative.
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FIGURE 5. The quantitative behavior of the HbCO, dissociation curves at various physiological conditions (i.e., with varying
levels of pH,,c, Po, [DPG]iuc and T) as computed from Eqgs. (7b), (8b), (9), (15), and (16a)—(16d).

Figure 5a depicts that the CO, saturation of Hb
(Subco,) is greatly affected by pH, and is dependent
only on the shift in affinity for single site binding. But
raising [H"], reducing pH, greatly reduces the CO,
affinity for Hb, reducing the carbamino formation: so
the Psy for CO, shifts rightward. Likewise, Figs. 5b
and 5d show that raising Po, and 7 shift the Ps, for
CO, rightward, indicating a reduction in carbamino
formation and CO, affinity for Hb. This shift in P, for
CO, is higher at lower values of Pp, and T and neg-
ligible at higher values of Pp, and T. The alteration of
the CO, affinity of Hb with respect to Po, is known as
the Haldane effect, so our model provides a quantita-
tive description of the Haldane effect.

The curve of Subco, asymptotes at high Po, to a
limiting curve (Fig. 5b) because HbO, saturation is
almost complete by Po, = 100 mmHg beyond which
O, has no direct effect on CO, binding. For tempera-
ture (Fig. 5d), the apparent asymptotic behavior is due
to a combination of factors: a reduction in the con-
centration of dissolved CO, due a decrease in solubility

of CO, and an increase in the apparent Hill coefficient
Kubco, due to a decrease in HbO, saturation. These
opposing trends in [CO,] and Kppco, with raising T
diminish the shift in the HbCO, dissociation curves.
Figure 5c depicts that the effect of [DPG],,. on the
CO, affinity of Hb can be neglected, as Kunco, and
Kubco, are almost independent of [DPGl;pe.

CO, Content in Whole Blood, [CO5]},

Figure 6 shows the variation of [CO,]y,; (ml of CO,
per 100 mL of blood) with Pco,, for different values of
Po, and [DPG],p,. with pH,,. = 7.24, T = 37 °C, and
Hct = 0.45 in panel A; for different values of pH,
with T'= 37 °C, Hct = 0.45, and all Po, and [DPG];pe
in panel B; for different values of 7" with pH,,. = 7.24,
Hct = 0.45, and all Pp, and [DPG],y, in panel C; and
for different values of Her with pHppe = 7.24,
T =37°C, and all Po, and [DPG],,. in panel D.
Generally [CO,]y, varies linearly with Pco,, and varies
negligibly with Po, and [DPGJ;p,.. This is because most
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FIGURE 6. Total CO, content of whole blood ([CO.],;, mL CO, per 100 mL blood) as a function of Pco, at various physiological
conditions (i.e., with varying levels of pH,yc, Po,, [DPGliue, T and Hct) as computed through Egs. (A.2) and (A.3).

of the CO, is carried as bicarbonate, and very little in
the form of carbamino. Figure 6b shows that the
[CO,)y decreases as pH decreases and [HCO;]
decreases, by Eq. (A.3). An increase in the temperature
T (Fig. 6¢c) reduces the CO, solubility and leads to a
decrease in [CO,] and then [HCO; ]. Figure 6d shows
that an increase in Hct leads to a decrease of plasma
space, an increase in average pH in blood (since
pHyue = 7.24 and pH,; = 7.4), and hence a decrease in
[HCO3 ). These lead to a decrease in total CO, content
in whole blood.

DISCUSSION AND CONCLUSIONS

The transport and exchange of O, and CO, in the
circulatory system is highly influenced by the compet-
itive binding of O, and CO, with hemoglobin (i.e., the
Hb-mediated nonlinear O,—CO, interactions) and by
the levels of pH (acidity), 2,3-DPG concentration, and
temperature in RBCs. Thus, in the modeling of
simultaneous transport and exchange of O, and CO,,
one must consider suitable model equations for O, and

CO, saturations of Hb (Supo, and Supco,) which are
coupled or linked to each other through the kinetics of
0O, and CO, binding to Hb. Also, for computational
efficiency, in simulating the blood-tissue gas exchange
processes in changing physiological states, the Supo, to
Po, and Supco, to Pco, relationships should be ana-
lytically invertible. Again, since the Supo, 1S measur-
able spectrophotometrically, estimating Po, from
Subo, 18 of practical, even clinical, consequence.
However, as Supco, can not currently be estimated
spectrophotometrically, there is no practical utility in
calculating Pco, from Supco,-

The models for standard HbO, dissociation curve,
valid for only fixed/standard values of pH, Pco,,
[DPG]/[Hb] and T,"*%!? are not very efficient to use in
the simulation of dynamic blood—tissue gas exchange
processes. To make them applicable, one must multiply
all Po, values of the standard curve by a factor which is
composite for the variations in pH, Pco,, [DPG]and T
(e.g., as in Kelman'® and Severinghaus®). The
numerical algorithm of Winslow ez al.*” for computing
the nonstandard HbO, dissociation curves is very
complicated, because it needs numerical evaluation of
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all the four Adair constants as functions of pH, Pco,
and [DPG]/[HDb] by fitting the Adair’s equation with the
experimental data on HbO, saturation in human whole
blood. Their quadratic fit regression analysis for the
four Adair constants needs numerical evaluation of a
total of 72 coefficients. The effect of temperature (7)
were not established, but would need an estimation of
24 additional coefficients to extend their algorithm.
Like Adair’s equation, the empirical equations of
Kelman'® and Siggaard-Andersen er al.*’ for nonstan-
dard HbO, dissociation curves require numerical
inversion for computing Po, from Sppo,, Which is
computationally expensive. The model of Buerk and
Bridges,’ being analytically invertible, is more efficient.
However, it does not describe the upper 5% of the
dissociation curve accurately. Besides, all these models
of HbO, dissociation curves need a suitable coupled
model of HbCO, dissociation curves for integrating
into a computational model of simultaneous or
dynamic O, and CO, transport and exchange in the
microcirculation.

The model of Singh ez al.** for nonstandard HbO,
and HbCO, dissociation curves is based on the equi-
librium binding of O, and CO, with Hb, but it does
not account for the effects of 2,3-DPG concentration
and temperature in blood. Also Singh e al.’s estimates
of the equilibrium constants for the kinetic reactions
do not agree well with the experimental values reported
earlier. 1011147162931 Their formulation for kinetic
reactions of O, and CO, with Hb was based on the
assumption that the Hb molecule has only one heme-
amino chain, Hm-NH,, and is capable of binding to
only one CO, molecule, and therefore requires cor-
rection, since Hb actually has four Hm-NH, chains
and can bind to four CO, molecules.

In an attempt to address these issues, a more
appropriate and relatively simple mathematical model
equations (Egs. 7a and 7b) for O, and CO, saturations
of Hb (Supo, and Subco,) are developed in this paper.
These are derived by considering the equilibrium
binding of O, and CO, with Hb inside RBCs,>'*2%-31:38
including the Hb-mediated nonlinear O,—CO, inter-
actions and the effects of pH, 2,3-DPG, and temper-
ature. Unlike in the previous models mentioned above,
Hb molecule is considered to have four heme-amino
chains, Hm-NH,, each capable of binding to one O,
molecule and one CO, molecule. The binding of O, is
considered to be cooperative and that of CO, as non-
cooperative. The new model equations for Sppo, and
Subco, are of the form of Hill’s equation, which has
the extra advantage of being analytically invertible,
allows the O, and CO, partial pressures (Po, and Pco,)
to be computed directly from their saturations (Smpo,
and Supco,) and vice versa (see Appendix B). How-
ever, this new model is highly accurate only above 30%

(Subo, or a Po, of 20 mmHg, and leads to 1 to 2%
underestimation of the saturation from the Po, in
computing intracapillary profiles of O, and CO, from
models of simultaneous transport and exchange of O,
and CO,. Improvement is needed here, though the low
range is not very commonly encountered in normal
circumstances; the Severinghaus®® model would be an
improvement within the range of conditions covered
by that model.

The apparent Hill coefficients Kuno, and Kppco, in
the expressions for Sypo, and Subco, (Eqs. 8a and 8b)
are explicitly dependent on the levels of Po,, Pco,, pH,
[2,3-DPG] and T in RBCs and are dependent on the
equilibrium constants of the chemical reactions
involved in the binding O, and CO, with Hb. So these
establish the linkage between Supo, and Supco, and
the nonlinear O,—CO, interactions. The cooperativity
of O, binding and the effects of nonstandard physio-
logical conditions are established in this model by
considering the equilibrium constant for the reaction
of O, with an Hm-NH, chain as a suitable function of
Po,, Pco,, pH, [2,3-DPG] and T involving six adjust-
able parameters (see Eq.9), including one propor-
tionality equilibrium constant K and five empirical
exponents ng, ny, n,, 13 and ny. These were estimated
using the Psy (pHpe Pco, [DPGlbe 7) values from the
model of Buerk and Bridges’ for nonstandard HbO,
dissociation curves which agree closely with those
obtained theoretically by Kelman'® and experimentally
by Winslow et al.*° for normal human whole blood.
These estimates are also influenced by the equilibrium
constants for the other kinetic reactions in the uptake
of CO, and ionization of Hm-NH, chains. These
equilibrium constants are chosen or calculated appro-
priately to be consistent with those referred to largely
in the literature. '+ 163!

Our new model could be fitted to other sets of
experimental data for characterizing the O, and CO,
saturation of Hb. The report of Winslow ez al.*® was
based on a large dataset, and in their report, the data
were summarized by the Psq values; the original data are
no longer available, unfortunately, else they would have
served as an excellent test of our descriptive equations.
From an optimization using such large datasets, we
would obtain more precise estimates of equilibrium
constants and Psg (pHyvbe, Pco,, [DPGlive, T) values,
and presumably improved estimates of our model
parameters, particularly the exponents ny, 15, n3 and ny.

The new model equations for Supo, and Sypco, are
used here to calculate the O, and CO, contents in
whole blood (see Appendix A). The HbO, and HbCO,
dissociation curves and the O, and CO, contents in
whole blood computed through these new equations
are in good agreement with the published experimental
and theoretical results in the literature. The result
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shows that at normal physiological conditions in
arterial blood, the Po, is about 100 mmHg and so Hb
is about 97.2% saturated by O, while the amino group
of Hb is about 13.1% saturated by CO,. The invert-
ibility (see Appendix B) of our new equations for
SHbo, and Supco, allows their convenient use in com-
putationally complex models of simultaneous or
dynamic transport and exchange of O, and CO, in the
alveoli—blood and blood-tissue exchange systems. This
model has been implemented in our Java Simulation
(JSim) interface, the mathematical modeling language
(MML) code of which is available for download and
public use at our physiome website, http://physiome.
org/Models/GasTransport.

Our new model is unique in the sense that it is
derived from the equilibrium binding of O, and CO,
with Hb and it accounts for all the factors (e.g., Po,,
Pco,, pH, [DPG] and T) that affect the O, and CO,
binding to Hb. It also establishes the linkage between
Subo, and Supco, as well as the Hb-mediated nonlin-
ear O,—CO, interactions (or Bohr and Haldane
effects), the effects of which are important in simulat-
ing the complex simultaneous or dynamic transport
and exchange of O, and CO, in the microcirculation.
The kinetic and equilibrium constants, compiled from
the literature or estimated in this paper, can be used in
the dynamically modeling of the complex gas exchange
process in vivo. These can also used to compute the
concentrations of all the reaction products at equilib-
rium from Egs. (3a) to (31).

In summary, our new multidimensional model
equations for Supo, and Supco, are relatively simple,
lending themselves to simple equation-solving by
spreadsheet or by a simple program in a handheld
computer. Severinghaus®” provided a slide rule for this
purpose, and later in his 1979 paper,* he summarized
all the earlier calculations through appropriate model
equations, which gives the earlier references, and which
stimulated Ellis’ to provide the inverted calculation
(Po, from So,). The Appendix B provides a recipe for
the inversion of our new Supo, to Po, relationship that
allows calculation of whole blood O, content from the
HbO, saturation (e.g., provided spectrophotometri-
cally) and other chemically or physically determined
measures of pH, Po, Pco, or bicarbonate, [2,3-DPG],
and temperature (7) in blood. Of particular value in
analyzing the '>O-oxygen time course data from PET
(positron emission tomography) using convection—dif-
fusion distributed models (e.g., Li ef al.* is the ana-
lytical invertibility of the Hill-type expression for Sy, ,
as given by Egs. (B.1) to (B.3) in the Appendix B.

We measured the computation times for numerical
inversion of Kelman’s'® equation. It took 20-25 times
more computer time (because of the numbers of iter-
ations required) than the analytical inversion of Hill’s

equation for computing Po, from Supo,. This is more
significant in the convection—diffusion distributed
modeling of O, and CO, transport in blood-tissue
exchange systems which involves large number of
spatial and temporal grid points. Again, in the esti-
mation of parameters, using such axially distributed
models, accounting for the gradients in [O,], [CO,], pH
and T along the capillary length, will require another
level of iteration during the optimization process: this
means that computational efficiency is doubly impor-
tant.

APPENDIX A

Calculation of O, Content in Whole Blood

To calculate the O, content of whole blood, we need
to sum the two forms of O, in blood: O, dissolved in
plasma water and RBC water and O, as oxyhemo-
globin in RBCs. Thus, the molar O, concentration of
whole blood, [O,]1, can be calculated as

[O2]y= Whino, Po, + 4[Hb],;Shvo,, (A1)

where W, is the fractional water space of blood and is
related to that of plasma and RBCs (W}, and Wiyy,c) by
Wbl = (1 — HC[) Wpl + Hct Wrbc; [Hb]bl is the molar
concentration of hemoglobin in whole blood and is
related to that in RBCs, [Hb]ywe by [Hb]y =
Hct [Hb],4,c; Het is the blood hematocrit. It is assumed
that the O, partial pressures in plasma and RBCs are
equal. The factor 4 in Eq. (A.l) indicates that four
molecules of O, bind to one molecule of Hb. The
whole blood O, content in mL of O, per mL of blood
is 22.256 times [Os]y.

At standard physiological conditions, Hct is about
0.45 and [Hb]y, is about 0.15 g/mL or 2.33 mM taking
the molecular weight of Hb to be 64,458." Corre-
spondingly, [Hb],p. is about 5.18 mM that is assumed
to be fixed and independent of Hct. With Wy, = 0.94,
Wipe = 0.65 and Het = 0.45, we have Wy = 0.81 mL
water per mL blood. With these data and at a Po,of
100 mmHg, the O, saturation of Hb, Smno,, is about
97.2%, the O, content of whole blood is about
0.26 mL O, per 100 mL blood in free form plus about
20.18 mL O, per 100 mL blood bound to Hb, making
a total O, content in whole blood of 20.44 mL O, per
100 mL blood.

Calculation of CO, Content in Whole Blood

To calculate the CO, content of whole blood,
we need to sum the four forms of CO, in blood: CO,
in dissolved form, as carbonic acid (H,CO;), as
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bicarbonate ions (HCO;3), and as carbamino-hemo-
globin (HbCO,). The dissociation constant K] for
H,CO; is about 5.5 x 10~* M'"*!¢ while the concen-
tration of H" in plasma is about 3.98 x 10~® M and in
RBCs is about 5.75 x 10~® M. So the concentration of
H,COj; is usually four orders of magnitude smaller
than that of (HCO;J ). Therefore, its contribution to the
CO, content can be neglected.

Again four moles of CO, bind with one mole of Hb
in RBCs. So with the assumption that the CO, partial
pressures in plasma and RBCs are equal, the molar
CO» concentration of whole blood, [CO,], can be
calculated as

[COz]bl = VVb]OCCo2 Pco2 + [HCO;] b + 4[Hb]b1SHbC027
(A.2)

where the total bicarbonate in blood, [HCO;3 |y, is
obtained by using the Henderson-Hasselbalch equa-
tion and Gibbs—Donnan electrochemical equilibrium
condition as:

[HCO; ]y,
= (1 = Het)Wy[HCO3 | | + Het Wy [HCO3 ]
Kioco,Pco,
= {(1 - Het)Wyy + Het WrbcRrbc}{%]ma)}
(A.3)

Here K; = K|K| is the equilibrium constant for
overall CO, hydration reaction (2a) and
Ripe = [H Jo/H  ibe = [HCOq ], /[HCO5 ], is the
Gibbs—-Donnan ratio for electrochemical equilibrium
condition across the RBC membrane. The value of
Rupe is about 0.69.'*16313 Muyltiplying [CO,]y by
22.256 converts the units of molar to mL of CO, per
mL of blood.

From the data used in Hill ez al,'* '® [H,0] kf
0.12s7" and kb| =~ 89s™', so K| = [H,Olkf, /kb),
1.35 x 107°. Again, K/ ~55x 107* M, so K, =
K\ K" ~ 7.43 x 1077 M, as shown in Table 1. Thus,
pK; = —log(K;) = 6.13, which is close to the standard
value pK; = 6.1 reported in text books and literature.
However, pK; depends on the levels of pH and tem-
perature 7 in plasma. This dependency was expressed
by the following curve-fit equation by Kelman®' based
on the experimental data of Austin ez al.’:

Qo

pK, = 6.09 — 0.0434(pH,; — 7.4)
+0.0014(T = 37)(pHy — 74).  (A4)

At pH, =74 and T =37, Eq. (A.4) gives
pK; = 6.09 which is close to the value pK; = 6.13
calculated above and agrees well with the data of
Severinghaus ez al.*

At standard physiological conditions, the CO,
content of whole blood in free form is about 2.35 mL
CO, per 100 mL blood (i.e., 1.06 mM), in bicarbonate
form is about 42.69 mL CO, per 100 mL blood (i.c.,
19.18 mM), and in carbamino form is about 2.72 mL
CO, per 100 mL blood (i.e., 1.22 mM), making a total
CO, content in whole blood of 47.76 mL CO, per
100 mL blood (i.e., 21.45 mM). These estimates agree
with the data reported in the literature.?'**?° The CO,
saturation of Hb, Subco,, is computed to be about
13.1% at a Pco,of 40 mmHg.

APPENDIX B

Algorithm for Inverting the Relationships Between
SHbOz and P()2

Equation (7a) for the fractional saturation Supo, 1S
not convenient for analytical inversion because
the apparent Hill coefficient Kypo, depends on [Oj]
(sce Eq. 8a). However, with the help of Eq. (9),
the expression for Sppo, can be rewritten in the
following form, which is amenable for analytical
inversion:

Kiipo,[02] ™
1 + Ki{boz [02]1+n07

Stbo, = (B.1)

where Ky, (with units M~("*™)) is given by Eqs. (13)
and (14):
K K, 1
Ki‘[bOz = 4 e = (B.2)

Kratio[O2]§" (00, Pso) ™™

The Pso is defined as before by Eq. (11) and the
kinetic terms K., and K, are defined by Eqgs. (14a)
and (14b). The Hill exponent in the expression for
Subo, 18 now 1 + ny and apparent Hill coefficient
Kipo, 18 now independent of [O,]. This makes Skpo,
analytically invertible, when Pco,, pH, [DPG] and T
are known. The inverted equation for [O;] is given by

1
I_ 1
SHbO, " SHbo, |7
) = OCO2 P50 e — .

O =
(02 Kipo, (1 = Shvo, 1 — Suvo,

(B.3)

It is clear from Eq. (B.2) that Ko, can be deter-
mined completely using only the Psy = Psy ([H'],
[CO,], [DPG], T) data which is given by Eq. (11). This
avoids the calculations of K., and K. which
involves the complex computations of the empirical
indices ny, n», n3, and ny4 using Eqgs. (16a) to (16d). This
also simplifies the computation of Supo, from [O,] and
vice versa significantly. However, in the computation of
Stubco, from [CO,] and vice versa (not shown in this
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appendix), the calculations of K and K, are
essential as the Psy data for 50% HbCO, saturation is
not available in the literature.

Here Eq. (B.1) further suggests that, in nonstandard
physiological conditions, Suwo, can be computed from
the original Hill’s equation (Eq. 1) by scaling the [O;]
axis by a factor 1/Kj0, (see Eq. B.2) which is com-
posite for the variations in pH, Pco,, [2,3-DPG], and
temperature (7), as in Kelman'® and Severinghaus.*?
The same conclusion is valid for the computation of
Sﬂbcoz from [COZ]

The inversion procedure for determining Po, and
then total O, content in whole blood from the obser-
vations on Suvo,, Pco,, PHpi, [DPGly;, Het, and T in
blood is as follows:

A. Caleulate [H "], = 10 P, [H " Jipe = [H " ]/
Rive, PHibe = _log[H+]rbc’ and [DPG]pe =
[DPG],/Het, where Ry, = 0.69.

B. Calculate Psy = Pso (Pco,> PHibe, [DPGlibe,
T) from Eq. (11).

C. Calculate [O,] from Eq. (B.3), and then
Po, =[0,]/00,, where ap, is given by Eq.
(10a), and nq is 1.7. This is the inversion step.

D. Calculate  [Hb]y, = Hct x [Hb]e = Het x
5.18 mM, assuming that the RBC has stan-
dard hemoglobin concentration of 5.18 mM
and that there is no methemoglobin or other
abnormal type of hemoglobin.

E. Calculate Wy = W, (1 — Hcts) + Wy, Het =
0.94 (1 — Hcet) + 0.65 Hct, as the fractional
water content of blood.

F. Calculate [Os]y = Wy [Oa)yr + 4 [Hb]y Shvo,,
as the total O, content in whole blood in M.
To convert from [O,]y; M to mL gaseous O,
per mL blood, use mL O, gas/100 mL blood =
22,256 x 100/1000 x [Os]y = 2225 x [Oy]p.

This procedure can be set up in a spreadsheet,
programmable hand calculator, or in any computer
program such as the JSim MML code (available from
the website http://www.physiome.org/Models/Gas
Transport/ for Linux, Unix, Macintosh and Win-
dows). JSim, the general modeling system, and extensive
manuals for it, can be downloaded from http://www.
physiome.org/jsim/ for free.
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