A single compartment model is a low-pass filter

Prove that the single compartment model with fixed flow and volume and a sinusoidal
input function forms a low pass filter reducing high frequency content with a fall-off of
amplitude as a function of frequency at 6 dB per octave.

The ordinary differential equation is

V-dCldt=F-(C,—C) where V is the volume, F is the flow and C, =A-cos (k)
An appropriate initial conditionis C(0)=0 .

The solution (solved by using Maple) is

> dsolve ({V*diff(C(t),t)=F*(A*cos(k*t)-C(t)),C(0)=0},C(t));

F t 2
exp(- ---) F A
v F A (Fcos(k t) + k Vsin(k t))

The first term exponentially decays to zero, leaving an oscillating solution which is

(FIV)-A-k-sin(k-t)

dominated by . As k gets large, the amplitude falls off as //k.

(FIVY+k*
An octave means a doubling of the frequency. Decibels, abbreviated dB, is defined as
Amplitude’
dB=10-log,( mpTe 5
Reference Amplitude
Therefore,
1/(2:k)°
dB= 10-10g10((—2>) .
(1/k°)

Therefore, for high frequencies, the signal is attenuated
dB=10-log,,(0.25)=—6.020599913

i.e. down 6 dB going from k to 2k, an octave.
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Show that the single compartment model with fixed flow and volume
and a sinusoidal input function forms a Tow pass filter reducing
high frequency content with a fall-off of amplitude as a function
of frequency at & dB per octave.

import nsrunit; unit conversion on;

math Decibels {

realDomain t s; t.min=0; t.max=30; t.delta=0.0001;
real Ck(t), Ck2({t);

when(t=t.nin) {Ck=0; Ck2=0; }

real F=1 sA({-1),

V=1,

A=1,

k=500 sA(-1),

k2=2"k ; /7 going from k to 2%k is an octave, a doubling of frequency

real Cink(t) = A¥*cos(k*t), Cink2{t)=A%cos(k2¥t]);

Ckrt = FA*(Cink-Ck);
Ck2:t = FA*(Cink2-Ck2];
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realState maxCk(t), maxCk2(t);

when(t=t.nin) {maxCk(t)=0; maxCk2=0;}

event(t>t.min+{t.max-t.min)*9/10 and maxCk<abs(Ck) ) maxCk=abs(Ck];
event(t>t.min+(t.max-t.min)*9/10 and maxCk2<abs(Ck2) ) maxCk2=abs(Ck2);

real Ckmax=maxCk{t.max);
real CkZmax=max<Ck2(t.max);

/’1-
From the definition of decibel

real dB = 10%Tog{CkZmaxA2,/CkmaxA2);

Find maxinum excursion after the exponential part of the solution has decayed.
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