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Landesberg, A., and S. Sideman. Mechanical regulation 
of cardiac muscle by coupling calcium kinetics with cross- 
bridge cycling: a dynamic model. Am. J. PhysioZ. 267 (Heart 
Circ. PhysioZ. 36): H779-H795, 1994.-This study describes 
the regulation of mechanical activity in the intact cardiac 
muscle, the effects of the free calcium transients and the 
mechanical constraints, and emphasizes the central role of the 
troponin complex in regulating muscle activity. A “loose 
coupling” between calcium binding to troponin and cross- 
bridge cycling is stipulated, allowing the existence of cross 
bridges in the strong conformation without having bound 
calcium on the neighboring troponin. The model includes two 
feedback mechanisms: 1) a positive feedback, or cooperativity, 
in which the cycling cross bridges affect the affinity of troponin 
for calcium, and 2) a negative mechanical feedback, where the 
filament-sliding velocity affects cross-bridge cycling. The model 
simulates the reported experimental force-length and force- 
velocity relationships at different levels of activation. The 
dependence of the shortening velocity on calcium concentra- 
tion, sarcomere length, internal load, and rate of cross-bridge 
cycling is described analytically in agreement with reported 
data. Furthermore the model provides an analytic solution for 
Hill’s equation of the force-velocity relationship and for the 
phenomena of unloaded shortening velocity and force deficit. 
The model-calculated changes in free calcium in various 
mechanical conditions are in good agreement with the avail- 
able experimental results. 

excitation-contraction coupling; chemomechanical coupling; 
unloaded shortening velocity 

CALCIUM IONS PLAY a central role in the regulation of 
excitation-contraction coupling. Measurements of the 
free calcium reveal different calcium transients with 
different contraction regimens and at different sarco- 
mere lengths (2, 3); the decay of calcium transients in 
isotonic contractions is slow compared with the decay of 
the free calcium in isometric contractions (27), and an 
extra free calcium transient is evident after fast changes 
(quick release) of the sarcomere length (27). These data 
demonstrate the influence of the cycling cross bridges 
and length perturbations on the affinity of the regula- 
tory proteins for calcium. The present model attempts 
to describe the intracellular control of contraction by 
coupling calcium binding to troponin with cross-bridge 
cycling and force development. 

Models of cardiac muscle mechanics are usually based 
on the two fundamental mechanical characteristics: 
force-length (FLR) and force-velocity relationships (FVR) 
(5, 25, 35). However, these relationships are not unique 
characteristics of the contractile elements but depend on 
the activation level (17) and the prevailing mechanical 
conditions. Clearly, the ability to simulate cardiac muscle 
dynamics depends on a reasonable description of the 

activation function and the complex relationship be- 
tween calcium kinetics and cross-bridge cycling. 

A major obstacle in modeling the excitation-contrac- 
tion phenomena in the cardiac muscle is the ambiguity 
of the present definitions and descriptions of the me- 
chanical activation function. Various activation func- 
tions have been used. Beyar and Sideman (5), for 
example, used a simple half-sinus mechanical activation 
function, and Wong (39) used an exponential activation 
function. Obviously, these deterministic functions can- 
not characterize the control of the excitation-contrac- 
tion coupling. Izakov et al. (25) proposed a mechanical 
activation function that attempts to include the influ- 
ence of the length, velocity, and two types of cooperativ- 
ity mechanisms. Ford (17) summarized the debate on 
this issue and proposed to define the activation level by 
the number of sites on the thin filaments that are 
available for the attachment of myosin heads. Although 
the definition suggested by Ford cannot be experimen- 
tally quantified, it elucidates the activation mechanism 
and highlights the central role of the troponin-tropomyo- 
sin regulatory complexes (until now denoted simply as 
“troponin”) in coupling calcium kinetics with cross- 
bridge cycling and force development. 

Three closely related concepts, or stipulations, guide 
the present attempt to characterize the control of the 
mechanical activity and the chemomechanical coupling. 

1) The mechanical activation level is defined by cou- 
pling calcium binding to troponin with the regulation of 
cross-bridge cycling. Consistent with Ford’s definition of 
activation (17), the present model emphasizes the cen- 
tral role of troponin in regulating the excitation- 
contraction coupling. The activation level is considered 
to be the ability of the muscle to generate force, which is 
described by the number of available cross bridges in the 
weak non-force-generating conformation that can con- 
vert to the strong force-generating conformation. As 
shown below, this definition corresponds to the number 
of troponin units with bound calcium that are not 
associated with cross bridges at the strong conforma- 
tion. 

2) The mechanical performance of the muscle depends 
on its history. Thus, at a given time, length, load, and 
velocity, the muscle can demonstrate a different perfor- 
mance, depending on the path that the muscle has 
passed up to that point. This “memory” is expressed in 
the model by the state variables. As shown below, these 
states have a physiological meaning, e.g., the amount of 
calcium bound to troponin and the number of cross 
bridges at the strong conformation. 

3) The chemomechanical coupling includes two feed- 
back processes: a positive and a negative process (Fig. 1). 
The positive feedback, usually denoted as “cooperativ- 
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Fig. 1. Physiological model describes performances of contractile element and couples free calcium kinetics with 
mechanical activity. Model contains 2 main feedback mechanisms: a mechanical feedback and a positive feedback, 
termed cooperativity. Ii and I,, calcium influx; I, and I,, calcium efflux; K, calcium-binding coefficient; V, sarcomere 
sliding velocity; g(V),cross-bridge turnover from strong to weak conformation. 

ity,” is essentially biochemical; the conformations of the 
cross bridges affect the affinity of troponin for calcium. 
In the negative mechanical feedback loop, the shorten- 
ing velocity of the filaments affects cross-bridge cycling 
rate. As shown below, these feedback mechanisms affect 
the FLR and FVR and alter the free calcium transients 
in various mechanical regimens. 

The cooperativity mechanism is based here on our 
previous analysis (28) of experimental studies (21, 24, 
26) with skinned cells at steady state, i.e., when the 
concentration of the free calcium is constant. The 
steady-state model is extended here to simulate the 
behavior of the intact cell, where the free calcium 
concentration is never at a steady state and the muscle is 
not solely subjected to isometric conditions. A dynamic 
model is used here to study the mechanical performance 
of the intact muscle in various mechanical loading 
conditions. The force and the free calcium have been 
analyzed and are compared with available experimental 
data obtained with intact cells. 

Whereas the previous study established the basis for 
the cooperativity mechanism and the FLRs, the present 
study concentrates on the mechanical feedback and the 
FVRs. 

PHYSIOLOGICAL MODEL 

The analysis is based on the structural and biochemi- 
cal model of cross-bridge cycling of Eisenberg, Hill, and 
Greene (16, 19). Their model suggests that the cross- 
bridge cycle is a repeated oarlike cycle between weak and 
strong conformations that differ in their structure and 
in their ability to generate force. The cross bridges cycle 
between the weak and the strong conformation because 
of nucleotide binding and release (16). ATP binding to 
myosin induces a structural change in the cross bridge: 
it weakens the binding of myosin to actin and transmits 
the myosin from the strong to the weak conformation. 
ATP hydrolysis and the release of phosphate causes the 
transition to the strong conformation. 

Basic assumptions. The following assumptions are 
used to formulate the present model. 

1) The regulatory unit consists of a single regulatory 
troponin complex with the adjacent seven actin mol- 
ecules and the myosin heads. 

2) The cross bridges exist essentially in a strong or a 
weak conformation. Force is produced only in the strong 
conformation (16). 

3) The free head of the myosin and the actin-bound 
myosin are at rapid equilibrium. The cross bridges in the 
weak conformation jump easily from one actin site to 
another (16). Moreover, the cross bridges in the strong 
conformation can also attach and detach rapidly during 
force generation (8, 3 1). 

4) The cross-bridge transitions between the weak and 
the strong conformations are described by the rate- 
limiting steps in the biochemical model of cross-bridge 
cycling (16). The rate-limiting step in the transition 
from the weak to the strong conformation is related to 
the hydrolysis of ATP and phosphate release (10). 

5) The cross-bridge cycles between the weak and the 
strong conformations are independent of one another. 

6) Each troponin molecule has three sites for binding 
calcium: two have high affinities and one has a low 
affinity for calcium (33). Calcium binding to either of the 
high-affinity sites is independent of calcium association 
with other binding sites in the whole sarcomere and has 
no effect on the regulation of cross-bridge cycling. 

7) Calcium binding to the low-affinity sites regulates 
cross-bridge cycling. The major role of bound calcium is 
regulation of adenosinetriphosphatase (ATPase) activ- 
ity (12), which is required for the transition of the cross 
bridges from the weak to the strong conformation. The 
activity of the ATPase is inhibited in the absence of 
calcium (12). Only an insignificant transition of cross 
bridges from the weak to the strong conformation 
occurs without calcium binding to the neighboring 
troponin site. 
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8) Troponin-tropomyosin-actin interactions along the conformation. A linear dependence of this cross-bridge 
sarcomere affect the kinetics of calcium binding to the weakening rate on the velocity of filament sliding is 
low-affinity sites on the troponin along the sarcomere assumed here (g = g, + g,V). This linear dependence is 
(l&20> 

9) C&urn can dissociate from the troponin before the 
substantiated by Hill’s equation (22) for the force- 
velocity relationship and by measurements of the force 

transition of the cross bridges from the strong to the deficit by Leach et al. (29). 
weak conformation; cross bridges can exist in the strong 
conformation without having bound calcium on the 

14) Filament sliding transfers troponin regulatory 

troponin. There is a loose coupling between cross-bridge 
units at the edge of each region between the different 

weakening and calcium dissociation from the troponin, 
overlap regions* . from the nonoverlap to the single- 

hence the term “loose-coupling” model. 
overlap region and from the single-overlap to the double- 

10) There are three overlap regions between the thin 
overlap region as the muscle contracts; transfer occurs 

(actin) and the thick (myosin) filaments (Fig. 2, top) 
in the opposite direction as the muscle elongates during 

along the sarcomere: a nonoverlap region, a single- 
relaxation. The amount of troponin in each state that is 

overlap region, and a double-overlap region. 
transferred between these regions as a consequence of 

11) Cross-bridge cycling is not affected by the double- 
filament sliding is proportional to the sliding velocity of 

overlap of the actin filaments with the myosin filament; 
the filaments and the instantaneous density of the 

this is substantiated by measurement of the stiffness 
troponin in each state. The transfer of a state variable 

and the activity of the ATPase (36). However, the net 
from the nonoverlap to the single-overlap region during 

force generated in the double-overlap region is zero (36). 
muscle contraction depends on the amount of calcium 

Consequently, the net force generated by the sarcomere 
bound to the thin filament in the nonoverlap region and 

is a function of the number of cross bridges in the strong on the number of cross bridges in the strong conforma- 

conformation in the single-overlap region. tion on the thick filament in the single-overlap region. 

12) The heads of the myosin and the troponin com- 15) The individual cross bridges act like Newtonian 

plexes are distributed uniformly along the thick and viscoelastic elements: the average FVRs of a single cross 

thin filaments. The number of myosin heads in the bridge are approximately linear. This assumption is 

single-overlap region depends linearly on the length of based on the study of de Tombe and ter Keurs (14), who 

the single-overlap region, but the fraction of cross simultaneously measured the sarcomere force, the veloc- 

bridges in the strong conformation depends on calcium ity of shortening, and the dynamic stiffness. 

kinetics and cross-bridge cycling. 16) The internal load has a viscoelastic property, as 

13) Filament-sliding velocity affects the rate of cross- measured by quick changes of muscle length at rest (14). 

bridge turnover from the strong to the weak conforma- State variables of regulatory troponin complex. The 
tion. The rate of transition from the strong to the weak population of the troponin regulatory proteins is divided 
conformation is affected by cross-bridge strain and thus into 10 groups or “states,” as summarized in Table 1. 

by the filament-sliding velocity (16). To reduce energy These states are defined according to the following 
losses, the ADP release from the strong cross bridges is criteria: 1) the calcium is bound or unbound to the 
slow, so the cross bridges will remain at the strong low-affinity sites of the troponin, 2) the cross bridges are 
conformation until the work is completed (16). Conse- in the strong or the weak conformation, and 3) the 
quently, the velocity of shortening has a direct effect on troponin is in the nonoverlap, single-overlap, or double- 
the rate of transition from the strong to the weak overlap region. 

1 !OVERLAP 
DOUBLE I* SINGLE OVERLAP - OVE”RoLlP 

i I I I 

[ 3 Co 

m k 

I 1 Co 

m k 

[ I Co 

‘_ 1 

Fig. 2. Transitions between various states of 
troponin regulatory units in isometric regi- 
men. Top: 3 distinct overlap regions in (half> 
sarcomere drawn for an overlap ratio a = 0.81, 
sarcomere length = 1.9 pm, L, = 1.3 km, 
nonoverlap length (L,) = double-overlap length 
(Ld) = 0.3 km. Bottom: transitions between 
states are defined by calcium kinetics (hl, k-1, 
k,, k mm) and by cross-bridge cycling rates ( f, g, 
g’). [Cal, free calcium concentration. 
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Table 1. State variables used in the model 

State of Troponin 
Complex Overlap Calcium Cross Bridge 

Non 
Non 
Single 
Single 
Single 
Single 
Double 
Double 
Double 
Double 

Unbound 
Bound 
Unbound 
Bound 
Bound 
Unbound 
Unbound 
Bound 
Bound 
Unbound 

Weak 
Weak 
Strong 
Strong 
Weak 
Weak 
Strong 
Strong 

R, resting state; A, activation, state that determines activation level; 
T, tension, state that determines amount of regulatory units that 
generate force and are associated with bound calcium; U, unbound, 
same as state T, but without bound calcium. Subscripts: n, nonover- 
lap; s, single overlap; d, double overlap. 

Four states exist in the single-overlap region (R,, A,, 
T,, and U,), four in the double-overlap region (Rd, &, Td, 
and U,), and two in the nonoverlap region (R, and A,). 
The interactions between the troponin regulatory units 
are described in Fig. 2 for the isometric regimen. The 
transitions between the states are determined by the 
kinetics of calcium binding to troponin, the cross-bridge 
cycling, and the sliding velocity of the filaments. 

The four states in the single-overlap region include R,, 
which represents the rest state, wherein the cross 
bridges are in the weak conformation and no calcium is 
bound to the troponin. In As, calcium is bou nd to 
tropon .in but the cross bridges are still in the weak 
conformation. Cross-bridge cycling leads to T,, where 
calcium is bound to the low-affinity sites and the cross 
bridges are in the strong force-generating conformation. 
Thus, consistent with Ford’s definition of the mechani- 
cal activation (17), A, represents the level of mechanical 
activation: the number of available cross bridges in the 
weak conformation that can turn to the strong force- 
generating conformation. Calcium dissociation from 
troponin at T, leads to us, which represents the loose- 
coupling concept, in which the cross bridges are still in 
the strong conformation but without bound calcium. 

Note that the tight-coupling model (41) stipulates 
that calcium can dissociate from the troponin only after 
cross-bridge detachment; i.e., cross bridges cannot exist 
in the strong conformation without bound calcium on 
the troponin. Thus only R,, A,, and T, are considered in 
the single-overlap region in the tight-coupling model. 
The proposed addition of Us, wherein the cross bridges 
can exist in the strong conformation without bound 
calcium, assumes a loose coupling between calcium 
dissociation and cross-bridge weakening, hence the loose- 
coupling name for this model. Direct transitions from R, 
to T, or from A, to U,, whereby changes of cross bridges 
and calcium binding occur simultaneously, are neglected 
here. 

The four analogous states in the double-overlap re- 
gion are denoted Rd, &, Td, and Ud. Note that the net 
force generated by the cross bridges in the double- 
overlap region is zero (36). Finally, only two states, R, 

and A,, exist in the nonoverlap region of the filaments, 
corresponding to R, and A, in the single-overlap region. 

MATHEMATICAL MODEL 

Contractile element-state variable. The transitions 
between the troponin states are defined by the appropri- 
ate rate coefficients of calcium binding, cross-bridge 
cycling, or filament sliding (Table 2). The transitions 
between the states are bidirectional, except for the 
transitions from U, to R, and from Ud to Rd. These last 
transitions are unidirectional, corresponding to assump- 
tion 7, which stipulates that calcium is necessary for 
triggering ATP hydrolysis (12) and cross-bridge cycling 
from the weak to the strong conformation. 

If the length of the effective thick myosin filament 
that is carrying myosin heads is L, and the length of the 
single-overlap is L,, the overlap ratio ~1 is defined as 

L 
aAL - L (1) 

m  

where L, = L:, - Lb; LA is the total length of the thick 
myosin filament, and Lb is the length of the bare zone in 
the center of the thick filament. 

Note that cx = 1 for maximal single-overlap length, . 
when no double overlap exists. The sarcomere 

E&h (SL) is given by 

SL = L, + L, + L(j (2) 

where L, and Ld are the nonoverlap and double-overlap 
lengths (in the entire sarcomere). Under normal physi- 

Table 2. Summary of Parameters Used 

Reported 
Values 

Value 
Used 

Sarcomere geometry 

La 
Gn 
Lb 

L 

Il.25 1.15 
1.45-1.65 1.5 
0.08-0.11 0.1 
0.08-o. 16 0.1 

Calcium kinetics 

Pm 35 
Pm 35 
Pm 35 
Pm 35 

Troponin 
kh 

k-h 
Wk -dmax 
h 

60 60 PM 30 
lo8 lo8 ,&-I .s-l 33 

0.33 0.33 S-l 33 
2 x 106 2 x 106 pM-l 33 

3.9 x 107 4x lo7 pM-l.s-l 33 

Cross-bridge cycling 

f 40 40 s-- 1 30 
go 11-22 12 S-l 37* 

10 30 
g1 15 Dimensionless ‘r 

Calcium currents (Eqs. 19 and20): [Cal0 = 2 mM, &s = 0.3 s-l, 7s~ = 
2 ms, 7s~ = 20 ms. Q0 = 30 s-l. Qi = 0.6 s-l. 71~ = 2 ms, 71~ = 100 S, 

Q u = 1,000 ~M*lll@, and&, = 1 PM. *g, is calculated from rate of 
relaxation. At late isometric relaxation, free calcium concentration is 
low, and thus activation level (A,) approaches zero. From Eq. 28, rate 
of isometric force decline is goFeE. On the basis of the study of Sys and 
Brutsaert (37), time constant of isometric force decline is 44-85 ms; 
hence, g, = l/O.085 + l/O.044 = 11~ 22 s-l. “fValue of gl is based on 
experimentally measured (13) constant b = 1 pm/s in Hill’s equation 
(Eq. 31). Equation 31 then gives: gl = [(g,L,,,)/b] - l/(x = 15.8 + 14.8, 
because for sarcomere length 1.6 + 2.4 pm, 01 = 0.5 + 1. 
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ological conditions, when the thick filament is not between the density state variables are the same in the 
compressed, SL > L/m + L,, and we have double- and single-overlap regions. 

The transitions between the density 
the nonoverlap region are described by 

state variables in 
L s = aL, 

L = 
d - (1. 4 L, 

SL = ZL, - L:, + aL, + L, 
(3) 

(9) 

L n = SL - L:, - L, = ZL, - ZL:, + CXL, - L, Note that the rate coefficients h- 1 and k-, are not 
constants; the cooperative calcium binding to the regu- 
lating sites, which depends on the number of cycling 
cross bridges, dictates the dependence of these coeffi- 
cients on the state variables (see Cooper&u@ mecha- 
nism). 

On the basis of experimental evidence, two assump- 
tions can be introduced to simplify the above equations. 

1) The rate of cross-bridge weakening is independent 

where L, is the length of the thin actin filament and L, is 
the length of the z-zone. Similar equations can be 
written for the case of thick filament compression, 
where SL < L:, + L,. 

The sarcomere shortening velocity V& is given by 
differentiating SL. Thus, from Eq. 3 

V SL = hnv (4) 

of the existence of calcium on the troponin; g: = g,. This 
is another aspect of the loose-coupling concept. As 
shown by Brenner (9), a linear relationsh .ip exists be- 
tween the isometric force developed in a skinned skeletal 
cell and the rate of ADP production. Because ADP is 
released during cross-bridge transition from the strong 
to the weak conformation, we (28) obtain that the 
turnover rate g’ from state U, to R, equals the turnover 

where V is the rate of change of the overlap ratio; i.e., 
V = -da/dt. 

Denoting xi E [Rn, An, Rs, A,, T , ,  us, Rd, &, Td, ud], we 

now define xi as the troponin unit density (i.e., number 
of troponin units per unit length) of each state variable in 
the different overlap regions. For the isometric regimen 

- X. 
X i=c; Xi E (Ri, A;, Tiy UJ; i E in, s, d] (5) rateg’ from state T, to A,. 

2) All low-affinity sites on the troponin have approxi- 
Inasmuch as the troponin units are distributed uni- 
formly along the actin filament, the troponin density 
(TRo) is given by 

mately the same apparent affinity for calcium; i.e., h, = 
kl and k-, = k-1. This concept was originally postulated 
by Guth and Potter (ZO), who, using skinned rabbit 
psoas fiber, found the calcium affinity to be independent 
of sarcomere length, although the affinity increased at 
full activation. They attributed this phenomenon to the 

TRo = R, + A, + T, + U, 
(6) 

= Rd + & + Td + ud = R, + A, 
spread of the activation throughout the troponin- 
tropomyosi .n interaction al .ong the entire thin filament. 
The synergistic effect of calcium and cross-bridge cycling 
in “turning on” the troponin complexes is also sup- 
ported by the studies of Grabarek et al. (18) and 
Williams et al. (38). All these data are based on skeletal 
muscle. Consistently, the data of Hofmann and Fuchs 
(23) for the cardiac muscle also confirm this hypothesis. 
The affinity of the troponin for calcium does not depend 
on sarcomere length in the presence of vanadate (23), 

and the sums 
double-overlap 

of the troponin units in the single- and 
s are given by 

R, + A, + T, + us = TRo/aL, 

i&j + & + ?id + Ud = TRo/[(l - O!)L,] 
(7) 

ble (Xi) 
double 

The transition between the density state varia 
within the single overlap (i = s) or within the 
overlap (i = d) is given by 

-- 
R i - 

A i - 

T i 
U i 

1 r- 7 

-K k-1 0 g: + g; v R i - 
K -- fk 
o1 f 

-1 go +g1v 0 A i 

-go -g, V-k-m K 
- 
T* (8) 

0 0 k -m -Km -gy -9; V 4 
i 

= 

where Kl = k,[Ca], Km = k,[Ca], [Cal denotes the free which interferes with cross-bridge cycling. However, the 
affinity is mediated by the number of cycling cross 
bridges (24). In the absence of vanadate, at SL = 
2.34-2.45 km and pCa = 5.0, calcium is bound to all 
troponin-binding sites along the filament (24) in the 
single-overlap and nonoverlap regions (3.2 mol calcium/ 
mol troponin). In the presence of vanadate, at the same 
sarcomere length and pCa, the amount of calcium bound 
to troponin was significantly reduced and was almost 
the same as that for short sarcomere length (1.52-1.78 

calcium concentration, an .d f9 go, & a, and g; represent 
the cross-bridge turnover rate kinetics . The rate coeffi- 
cients kl and k-1 represent the rate constants of calcium 
binding to low-affinity sites of troponin when the cross 
bridges are in the weak conformation; km and k-m 
represent the rate constants of calcium binding when 
the cross bridges are in the s trong conformation. Note 
that because the double overlap does not affect cross- 
bridge cycling (36 1) (assumption 1 I), the rate coefficients 
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pm). Thus, consistent with the hypothesis of Guth and 
Potter (20), the cycling cross bridges in the single- 
overlap region affect calcium affinity in the nonoverlap 
region. 

A change in the total amount of troponin regulatory 
units during contraction in each state in the single- 
overlap region (dXJdt) is determined by the changes in 
the density state variables (dX,/dt) of each state and by 
the change in the single-overlap length due to filament 
sliding. A sarcomere shortening of dL (= L,Vdt) causes 
a transition of segment length dL from the nonoverlap 
to the single-overlap region and a transition of a seg- 
ment length of 2dL from the single- to the double- 
overlap region (due to the movement of the 2 actin thin 
filaments). The distribution of the troponin units in the 
segment dL that was transferred from the nonoverlap 
region depends on the amount of calcium bound to 
troponin in the nonoverlap region (described by R, and 
A,) and the probability of finding a cross bridge in a 
strong conformation in the single-overlap region. 

Introducing the last assumption (j& = h, and h-1 = 
L,) yields 

Thus filament sliding does not affect the regulatory unit 
distribution at the edges of the single-overlap region. 

Because X, = x,L, = &Lm, we have, by differentia- 
tion, at contraction (V > 0) 

- 
dx s dX --- - 
dt dt 

s CXL, -X,L,V 

Similarly, at relaxation (sarcomere lengthening), we have 
- 

dx S dx 
- = 

dt 
$ CXL, + (2X, - X,)L, 1 VI (12) 

Similar equations are derived for the double-overlap 
and nonoverlap regions. Note that the second item on 
the right-hand side of Eqs. 11 and 12 represents the 
mathematical interpretation of assumption 14. 

Bound calcium and force. The total amount of cal- 
cium bound to the low-affinity sites (BCaL) is given by 

BCaL = A, + T, + Ad + Td + A, (13) 

The kinetics of calcium binding to the high-affinity sites 
(BCa& based on assumption 6, is given by 

d(BCqJ 
~ = (2TRo - 

dt 
BCa,)[Ca& - BCahheh (14) 

Although the high-affinity sites do not regulate cross- 
bridge cycling, they have some effect on the free calcium 
transient. As shown by Robertson et al. (33), the high- 
affinity sites play a significant role when the perfor- 
mance of the cardiac muscle is analyzed in response to 
changes in the excitation rate. Here, a steady excitation 
rate is assumed to calculate the initial amount of 
calcium bound to the high-affinity sites. 

The force (F) generated by the sarcomere is propor- 
tional to the sum of states T, and U, in the single-overlap 

region. The rate of cross-bridge attachment and detach- 
ment is at least an order of magnitude faster than the 
rate of cross-bridge cycling between the weak and the 
strong conformation. The rate constants of attachment 
and detachment in Huxley’s model are of the order of 
l-40 s-l (41), whereas according to Brenner (8), the rate 
of detachment of the cross bridges in the strong confor- 
mation is 50-1,000 s-l and the attachment rate is at 
least an order of magnitude larger than the detachment 
rate. Thus the relatively slow rate constants used in 
Huxley’s model for simulating muscle contraction (39, 
41) characterize the cross-bridge cycling between the 
weak and the strong conformations, rather than the rate 
of attachment and detachment (8). Consequently, the 
relatively slow ATP hydrolysis is linked to cross-bridge 
cycling from the weak to the strong conformation (10, 
16), rather than to the attachment or detachment 
phenomena. Moreover the cross bridges in the strong 
conformation can detach and reattach several times per 
ATP hydrolysis (3 1). 

The present model describes the rate-limiting pro- 
cesses that are related to cross-bridge cycling between 
the weak and the strong conformation and assumes that 
the cross bridges reach equilibrium between attachment 
and detachment quite rapidly relative to the rates of 
transition between the weak and the strong conforma- 
tion. 

According to assumption 15, the average generated 
force per cross bridge is given by 

- 
F CB = F - TV (15) 

where I? is the unitary force developed by each cross 
bridge at isometric contraction and q represents the 
viscous element property of the single cross bridge (14). 

The force generated by the cross bridges (FCE) per unit 
filament cross section is given by 

F CE = (T, + U,)(F - TV> 
- - 

= aL,(T, + U,)(F - TV) (16) 

The internal load is simulated here by the parallel 
element (Fig. 1), which has viscous properties (14) and a 
passive elastic property (5) 

E(eD’SL!Spo - 1) - 1) + TpE VS (=’ 2 sp,) 

FpE=j-B(l-~j+~pEVs~ (SL < Sp,) (17) 

where SL is given in Eq. 3, Sp, is the length of the 
unstressed sarcomeres, E, D, and B are empirical con- 
stants (5), and q PE represents the viscous property of the 
internal load. The total force per unit filament cross 
section is given by 

F = FcE + FpE (18) 

Cooperativity mechanism. The positive-feedback 
mechanism, denoted as cooperativity, is based on our 
previous analysis of skinned cell data and is described 
extensively elsewhere (28). Hofmann and Fuchs (24) 
measured the force and the bound calcium, with and 
without vanadate, at different free calcium concentra- 
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tions and sarcomere lengths in skinned cardiac muscle. 
The total amount of bound calcium in the presence of 
vanadate is independent of sarcomere length (23), 
whereas the amount of bound calcium is force depen- 
dent in the absence of vanadate (24). Hibberd and Jewel1 
(21) and Kentish et al. (26) measured the force-length- 
free calcium relationship in the skinned cardiac muscle. 
Analysis of these data by us (28) suggests that the 
dominant cooperativity mechanism in the cardiac cell 
results from the dependence of the affinity of troponin 
for calcium on the number of cycling cross bridges, 
whereas the free calcium concentration and the sarco- 
mere length have a negligible effect on the apparent 
calcium-binding coefficient. The reported length-depen- 
dent calcium sensitivity (1) is actually mediated by the 
number of cross bridges in the strong conformation. 
Increasing the sarcomere length increases the number 
of available cycling cross bridges, thus increasing cal- 
cium affinity. The increase in the bound calcium further 
increases the number of cross bridges in the strong 
conformation. Thus the cooperative mechanism affects 
the FLR and may therefore contribute to understanding 
the Frank-Starling law (1). 

The study of Kentish et al. (26) demonstrates that the 
shape of the FLR for the intact cardiac muscle resembles 
that of the FLR for the same skinned muscle. Thus the 
same mechanism postulated in the skinned cell exists in 
the intact cell. 

The rate constant of calcium bi nding to troponin, 
taken here as a constant, k 1 = 40 x 106, is based on the 
study of Robertson et al. (33). The dependence of K on 
the number of cross bridges is described in Fig. 3, on the 

Fig. 3. Dependence of affinity of troponin for calcium (K> on no. of 
cycling cross bridges. No. of cycling cross bridges is described bY 

NORMALIZED FORCE (Oh) 

normalized isometric force. 

basis of our earlier study (28) of the skinned cell. The 
maximal magnitude of the calcium affinity is taken as 
K = 2 x 106, in accordance with Robertson et al. The 
af?iEity of troponin for calcium is defined as K = kJk+ 
Thus the rate constant of calcium dissociation from the 
troponin, k _ 1, is calculated as follows: k 1 = k 1 /K. 

The intact and the skinned muscle differ in the 
magnitude of the calcium affinity: the calcium affinity is 
far greater in the intact cell than in the skinned cell (40). 
Note that using the relationship given in Fig. 3 yields 
the force-pCa relationship for the intact cell (not shown 
here) reported by Yue et al. (40). 

No analytic solution could be found for the set of 
nonlinear differential equations representing the gen- 
eral case, where the coefficients of the equation, which 
depend on the free calcium concentration, are time 
variant. Thus the solution for the general case is 
obtained by numerical proced,ures with use of the fourth- 
order Runge-Kutta method (commercially available in 
MATLAB). The program runs on a fast IBM-compatible 
PC 

Calcium transport. To simulate the free calcium 
transients, we have used a simple phenomenological 
model of the sarcolemmal and sarcoplasmic reticulum 
(SR) calcium currents (Fig. l), which is based on the 
model of Lee and Allen (30). The calcium currents 
through the sarcolemma and the SR are given as a 
deterministic function of the extracellular calcium and 
the intra-SR calcium content. No interaction between 
the sarcolemma and the SR is assumed. The inward 
calcium current (I,) due to the action potential is 
represented by (30) 

I, = Q,( (1 - e-t/TSR) eptlTSF + I1)[Ca], (19) 

where [Cal, is the extracellular calcium concentration, 
Qs is the maximal permeability of the sarcolemma; 7sR 
and TsF represent the time constants of rise and decline 
of the inward calcium current, respectively, and I1 
represents leak current. lo denotes a first-order efflux of 
calcium through the sarcolemma (i.e., I, = QOICa]>, 
which represents the Na/Ca exchanger. 

The calcium release from the SR, denoted IiT is 
described by an equation identical to Eq. 19, but with Qi, 
TiR, TiF, and [Cal, replacing Qs, TSR, ?sF, and [Cal,, 
respectively. [Cal, represents the available free calcium 
in the releasing terminal of the SR, Qi is the maximal 
permeability, and TiR and TiF denote the rise and decline 
time constants, respectively. Calcium sequestration into 
to the SR, I,, is given by the Michaelis-Menten equation 

& = QJWIK,, + CW> (20) 

where QU is the maximal pumping rate and Km, is the 
Michaelis-Menten constant representing the free cal- 
cium concentration at one-half the pumping rate. 

RESULTS 

FLR. Figure 4 depicts isometric contractions at differ- 
ent sarcomere lengths. The simulation shows the force 
(Fig. 4A) and th e f ree calcium (Fig. 4B) in the first 
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Fig. 4. Simulation of isometric contraction for different muscle lengths. 
A: normalized force. B: 1st free calcium transient obtained after 
muscle length shortening corresponding to data of Allen and Smith 
(4). C: time to peak force at different sarcomere lengths. D: force- 
length relationship. [Cal is normalized relative to peak [Cal at 
maximal sarcomere length (SL,, >. Force is normalized by peak force 
at SL,,. 

contraction after change in the sarcomere length. The 
results reveal three phenomena due to the cooperativity 
mechanism. Figure 4B demonstrates an increase in the 
first free calcium transient after sarcomere length short- 
ening, corresponding to the data of Allen and Smith (4). 
Figure 4C shows that the time to peak force increases 
with the increase in the sarcomere length, as was 
postulated experimentally by AIlen and Kurihara (3). 
Finally, in agreement with Allen and Kentish (l), Fig. 
40 shows the simulated peak FLR in the intact cardiac 
cell. Note that this relationship is different from that 
obtained for the skeletal muscle (1). 

The calculated effect of changing [Cal, on the FLR of 
the first contraction after change in [Cal, is shown in 
Fig. 5. Consistent with reported experimental data (l), 
the FLR shifts to the right when [Cal, is reduced. As 
shown by Allen and Kentish (l), there is a difference 
between the FLR for the first beat after change in [Cal, 

and the FLR for the steady state after several beats, 
which is shifted farther to the right. Note that the 
present study simulates only the first beat after the 
length change. The steady-state FLR depends greatly on 
the control of the calcium transient and the interaction 
between calcium current through the sarcolemma and 
the SR and on the mechanism of calcium-induced 
calcium release and the calcium content of the SR. This 
point is beyond the scope of the present study. 

Figure 6 demonstrates the calculated effect of chang- 
ing the maximal affinity of troponin for calcium. Increas- 
ing the affinity shifts the FLR to the left. These results 
indicate that the FLR is determined by the cooperativity 
feedback, which affects the mechanical activation level, 
represented here by state A,. 

As shown in Figs. 5 and 6, interventions that raise the 
free calcium or increase calcium binding to troponin 
elevate the activation level (state A,), shift the FLR 
curve to the left, and affect its steepness. The reported 
length-dependent sensitivity to calcium (1) can thus be 
explained by the positive-feedback mechanism of the 
cooperativity: an increase in the sarcomere length in- 
creases the number of available cross bridges in the 
single-overlap region, thus increasing the activation 
level, state A,. Elevation of the activation increases the 
number of cross bridges in the strong conformation and, 
through the cooperativity mechanism, further elevates 
calcium affinity. 

Figure 7 illustrates the FLR at isometric and isotonic 
contractions. The sarcomere length is determined as the 
length at the end of shortening for the isotonic contrac- 
tion (25). Starting from the same initial length, the 
end-shortening points of the isotonic contractions with 

0' L 1 1 1 
70 80 90 100 

SARCOMERE LENGTH ( % L 
max 

) 

Fig. 5. Force-length relationship at different extracellular calcium 
concentrations ([Cal,) corresponding to data of Allen and Kentish (1). 
Data points were calculated by model simulation. Note that increasing 
[Cal, shifts force-length relationship to left and reduces its steepness. 
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different isotonic loading levels fall essentially on a 
single end-shortening force-length curve. This curve of 
the isotonic contractions is to the right of the curve 
derived on the basis of the isometric contractions, in 
accordance with the experimental study of Izakov et al. 
(25). This shift is due to the effect of the mechanical 
feedback: increasing the velocity of shortening increases 
the rate of cross-bridge turnover from the strong to the 
weak conformation. 

FVR and I-ML’s equation. The FVR has been defined 
in the literature at different mechanical settings: the 
maximal velocity at isometric-isotonic changeover experi- 
ment (7), the velocity measured after quick release to a 
constant load (13), or slower release at a controlled 

Fig. 6. Force-length relationship for different 
affinities of troponin for calcium (Kc,). Data 
points were calculated by model simulation. Note 
that increasing affinity of troponin for calcium 
shifts force-length relationship to left. 

velocity of shortening (13). By using a laser differentia- 
tion method to measure the sarcomere length, Daniels 
et al. (13) obtained identical FVRs in their experiments 
with quick release and with release at a constant velocity 
of shortening. Their FVR fits the well-known Hill’s 
“law” (22) 

(F 0 - F)b = (F + a)V& (21) 

where F, is the maximal isometric force level and a and b 
are experimentally determined constants. 

The FVR is now calculated here analytically, on the 
basis of the quick release to a constant-load experimen- 
tal procedure. By use of Eqs. 16-18, the rate of force 

Fig. 7. Force-length relationships at isometric 
and isotonic contractions. Sarcomere length is 
defined as length at end of shortening for isotonic 
contraction. Note shift to right of end-shortening 
force-length relationship relative to that based on 
isometric contractions. 
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where FCE 
m 

is the force generated at isometric contrac- 
tion. 

At peak isometric contraction (FcE =FCE,), dF/dt = 0 
and Eq. 28 reduces to 

development is given by 

dF d(T, + Us> 
x=(F-$+ & 

(22) 
- (T, + u,>+ - KpEV - T# 

where T, + U, = (Ts + U&L, and &E, the elastic 
element of the internal load, is given by 

FfA, = go FCE (29) 
0 

The FVR is measured by quick release from the peak 
isometric point to a constant-load level. The peak isomet- 
ric point thus defines the intercept of the force-velocity 
curve with the force axis (V& = 0, FcE =FCE ). Equation 
29 allows us to approximate the level of activation A, in 
Eq. 27 from the activation level before the quick release. 
Substituting Eq. 29 into Eq. 27 gives 

’ EDL, 
(SL 2 Sp,) 

(23) 

&xsLispo- 1) 

SP 0 

BL m 
(SL < Sp,) 

L SP 0 

gJ m W 
CEO 

- FCE) By use of Eqs. 8 and 11, Eq. 22 is written as 
(30) 

FCE + 
KPE + rf& 

1 

g1 + - a 

f = (F - $q[f&aL, 

- (go + gl v>(T, + U,)aLm (2-4 

- CT, + U,)LmVl 

- KpEV - IIqaLm(Ts + us> + TPEI~ 

The change of the sarcomere length during the quick 
release is always <20/c of the i nitial sarcomere 1 .ength 
(13), indicating that the change in the parallel element 
of force is relatively small. Introducing Eq. 18 into Eq. 
30gives Introducing Eq. 16 for the contractile element force in 

Eq. 24 gives F - F 
V sL= ~ b 

Fo-ta 
g = fA,olL,(F - TV) - 

i 

V 
go + gl v + - 

a 
FCE 

(25) or, in the more familiar Hill’s form 

- KpE V - [raLm(T, + UJ + qpEW 

Rearranging Eq. 25, we obtain 

dF 
dt = FfA, - goFCE 

b@’ 0 
- F) = (F + a)VsL (31) 

a = C-&E + qfAJ(gl + l/d - &E 

FCE + TfAs +&E v 
I 

(26) 
Equation 31 is identical to the classic Hill equation (Eq. 
21) and provides the physiological meaning to the 
previously experimentally determined constants a and 
b. Thus the derivation of Hill’s equation based on 
physiological considerations suggests that the FVR is 
not an independent constitutive property of the muscle. 
Note that Eq. 31 is obtained here once we make the 
assumption that the rate of cross-bridge weakening 
depends linearly on the filament-sliding velocity. 

The velocity-of sarcomere shortening at any level of 
activation in the isotonic regimen is given by Eq. 27. 
Furthermore, Hill’s equation (Eq. 31) was derived here 
analytically by use of the quick-release experimental 
method. The versatility of the model is further demon- 
strated in Fig. 9 by simulation of the FVR, obtained by 
the isometric-isotonic changeover method (Fig. S), as 
performed by Braunwald (7). Some of the isotonic 
contractions that were used to derive the FVR, at an 
initial sarcomere length of 2.3 pm, are shown in Fig. 8. 
The maximal velocities of shortening during the isomet- 
ric-isotonic changeover at various isotonic loadings were 
used to construct the FVRs. Figure 9 also demonstrates 
the effect of initial muscle length on the FVRs. 

where A, = &oJI,. 
At constant load or isotonic contraction 

the sarcomere shortening velocity stabili 
Using Eq. 3, we obtain 

(dF/dt = 0), 
zes (V = 0). 

FfAs - gobE . 

FCE + TfAs + KPE 

(27) V SL. Isotonic 
L m 

The velocity of shortening thus depends on state A,, the 
level of activation, and on f, the rate of cross-bridge 
turnover from the weak to the strong conformation, and 
is inversely related to the internal load stiffness, KpE. 
The quick release to constant-load experiments is per- 
formed from isometric contraction (13, 15). For isomet- 
ric contraction, V = 0, and Eq. 26 yields 

dF 
CE = FfAs -go FcE 

dt m 
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tive law of the muscle, the shortening velocity here is a 
function of the activation level during contraction. 

Unloaded velocity. The unloaded velocity, Vu, for an 
unloaded sarcomere shortening is obtained from Eq. 27 
and is given by 

FL, fA,L, F 1 
V - 

U- qf&L, + KPE = ; 
L 

m, -L KPE 
(32) 

where L, = aLm. Equation 32 states that the maximal 
unloaded sarcomere velocity depends on 1) the level of 
activation, A,, as stipulated by Zahalak and Shi-ping (41) 
and Daniels et al. (13), 2) the rate of cross-bridge cycling 
from the weak to the strong conformation, f, as stipu- 
lated by Brenner and Eisenberg (lo), and 3) the inverse 
of the stiffness of the internal load, KpE, consistent with 
the findings of Ford (17). 

Equation 32 indicates that the unloaded velocity 
depends on the single-overlap length (L,; or, equiva- 
lently, sarcomere length) and on the activation level A, 
or indirectly on the free calcium level. Increasing the 
sarcomere length (and thus increasing L,) or the free 
calcium level (and thus &) elevates the unloaded veloc- 
ity. These predictions are in accordance with the mea- 
surements of de Tombe and ter Keurs (14). 

For a high level of activation, when rfA,L, x+ KpE, Eq. 
32 is reduced to yield the following expression for the 
maximal unloaded velocity 

-4 
I L L I 

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 

- 
F 

V = - 
max L 

rl m 
(33) 

Equation 33 is consistent with the measurements of 
Edman (15) and Daniels et al. (13), which show that the 
maximal unloaded velocity of shortening is constant in 
the sarcomere length range of 1.65-2.7 km (15) at high 
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TIME (see) 

Fig. 8. Load dependence of relaxation. A: normalized force for differ- 
ent levels of isotonic loading. B: sarcomere lengths; note reduction in 
contraction duration when load is reduced, corresponding to measure- 
ments of Brutsaert et al. (11). C: sarcomere shortening velocity. D: 
free calcium transient is reduced as load is increased, corresponding to 
data of Lab et al. (27). 

Inspection of the simulation results reveals also the 
disadvantage of the FVR derived from isometric-isotonic 
contraction; i.e., the activation level is not uniform at 
the various instants of measuring the shortening veloc- 
ity, and consequently the FVR is underestimated by this 
method. 

It is important to note that no attempt is made here to 
achieve precise parameter estimation to Braunwald’s 
experiments (7). This is due to the absence of a unique 
parameter set, because Braunwald’s measurements were 
performed on a papillary muscle without precise mea- 
surements of the sarcomere lengths; thus the effect of 
the serial elasticity due to the damaged ends and the 
degree of intrafiber ischemia are not known. Moreover 
the calcium transient was not measured. 

Contrary to earlier models of cardiac muscle contrac- 
tion (5. 25). where the FVR was considered a constitu- 

levels of activation. 
With use of the expressions for the maximal unloaded 

velocity (Eq. 33) and the activation level at peak isomet- 
ric force (Eq. 29), Eq. 32 gives 

V - 
U- V 

umax 

F CEcl 
F CE +c 0 

(34) 

where FcE is the peak isometric force generated by the 
contractile element and C is constant, given by C = 
KPEVu,,/gc&m* 

Equation 34 for the unloaded velocity is identical to 
the equation proposed by de Tombe and ter Keurs (14) 
on the basis of their experimental data. Note that unlike 
that reported by de Tombe and ter Keurs, the activation 
level in the present study is not defined as the isometric 
force. Moreover, we can distinguish between the effect of 
the single-overlap length and the effect of the activation 
level on the unloaded shortening velocity. 

Force deficit. Using an isolated papillary muscle of a 
rabbit, Leach et al. (29) measured the effect of constant 
shortening velocity on the developed force. They com- 
pared the force generated at various shortening veloci- 
ties and times of contraction with the force predicted 
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Fig. 9. Force-velocity relationships for different 
sarcomere lengths calculated from simulation of 
isometric-isotonic changeover experiments, shown 
in Fig. 8, performed by Braunwald (7). Data 
points were calculated by model simulation. Simu- 
lation demonstrates importance of activation and 
internal load. 
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from measurements of isometric contractions at the 
same instantaneous muscle length and duration of 
contraction. They demonstrated that the difference, 
“force deficit,” between the shortening force (F) and the 
predicted force based on isometric contractions (F,) 
depends on the shortening velocity and the duration of 
shortening. On the basis of their study, Sagawa et al. 
(34) derived a linear relationship between the force 
deficit (F, - F) and the shortening velocity 

(F m-F)mmVF, (35 

where m is an experimental constant that was found to 
increase linearly with time. 

For constant velocity of shortening (i.e., V = 0), the 
rate of force generation is derived from Eq. 26 and takes 
the form 

dF 
dt = FfAs - go&x - 

because, for the experiment of Leach et al. (28), KPEctj -=K 
(gl + l/a)FcE. The rate of isometric force generation at 
time t, F,(t), is then 

d&(t) 
- = FfA,(t) - g&-Jt) dt (37 

and at time t + At, the isometric force is 

F,(t + At) = F,(t) + [FfA&t) - g,F,WlAt (38 

> 

> 

The shortening force at the same instant is now given by 

W + At> = [F,(t) + [FfAA&t) - g$&)lAt] 

1 
(39) 

F,(t) + qf&(t) VAt 

The first term on the right-hand side of Eq. 39 is 
equivalent to the isometric force at time t + At. Thus Eq. 
39 can be approximated to give 

F(t) (40) 

because, by Eq. 31 

rfA,(t) < (a + h)(gl + ;j =ez ,,,t)(,, + ;) (41) 

where a is the Hill coefficient. On the basis of the 
measurement of Daniels et al. (13), a is approximately 
equal to 10% of the isometric force. Hence, for the 
experimental conditions of Leach et al. (29), where the 
changeover from isometric contraction to the constant- 
velocity shortening was at approximately one-half of the 
peak isometric force, rfA,(t) is negligible relative to 
(gl + l/d& 

Consistent with the analysis of Sagawa et al. (34), Eq. 
40 indicates that the generated force is affected by the 
velocity of sarcomere shortening (v) and the duration of 
shortening (At) (34). Moreover Eq. 40 also predicts that, 
as suggested by Sagawa et al. (34), the force deficit (F, - 
F) is proportional to the force level. 

Clearly, the linear dependence of the force deficit on 
the shortening velocity and its dependence on the force 
level, as experimentally determined by Leach et al. (29) 
and Sagawa et al. (34) and theoretically by Eq. 40, 1 
strengthen the assumption that the rate of cross-bridge 
weakening is linearly dependent on the shortening 
velocity. 

Load-dependent relaxation and free calcium tran- 
sients. Brutsaert et al. (11) demonstrated the phenom- 
enon of load-dependent relaxation. They showed that 
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the transition from the isotonic to the isometric phase in 
the cardiac muscle of a normal cat occurs earlier when 
the load is reduced. The simulation of isotonic contrac- 
tions (Fig. 8) depicts this phenomenon, which is attrib- 
uted to the mechanical feedback, whereby the filament- 
sliding velocity affects cross-bridge cycling. Load 
reduction increases the velocity of shortening (Fig. SC), 
which in turn increases the rate of cross-bridge turnover 
to the weak conformation; the higher the velocity of 
filament sliding, the faster is the onset of relaxation. 

Figure 80 demonstrates the influence of the mechani- 
cal loading conditions on the free calcium transient. As 
experimentally shown by Lab et al. (27), the calculated 
calcium transient in the isotonic contraction is wider 
than that in the isometric contraction. Moreover the 
free calcium transient in the isotonic contractions is 
wider when the load is reduced. This is due to the 
mechanical feedback and the cooperativity mechanism. 

The simulations show the effect of different mechani- 
cal conditions on the bound and free calcium. In particu- 
lar we note the following. 

1) The free calcium is elevated in the first isometric 
contraction, after length shortening. This phenomenon 
is shown in Fig. 4B and is in accordance with the data of 
Allen and Smith (4). Moreover the simulations are in 
agreement with those of Allen and Kurihara (3), who 
demonstrated a wider free calcium transient at isomet- 
ric contraction for a short than for a long sarcomere 
length. 

2) The free calcium transient is elevated more in the 
isotonic than in the isometric contraction (Fig. SD). As 
also measured by Lab et al. (27), the reduction of the 
load in isotonic contraction elevates the free calcium. 

DISCUSSION 

The study couples the kinetics of calcium binding to 
the low-affinity sites of the troponin regulatory units 
with the kinetics of cross-bridge turnover. The analysis 
is based on a biochemical model of cross-bridge cycling 
and troponin-tropomyosin regulation. Relatively simple 
assumptions are used here to simulate the role of 
troponin in regulating muscle activity and in character- 
izing the activation function. Whereas the model is 
shown to describe the various stages of the cardiac 
contraction, this presentation concentrates mainly on 
the FVR: it emphasizes that the FVR and, hence, the 
unloaded velocity and the shortening deactivation are 
not a constitutive law of the muscle but can be described 
on the basis of a physiological quantitative description of 
cross-bridge cycling and calcium kinetics. 

One major difficulty in the analysis of the cardiac 
muscle performance is the description of the transient 
processes that take place in the myocytes. The free 
calcium in the intact cell is never at a steady state; 
hence, the mechanical activation function varies with 
time. The FLR and the FVR depend on the level of 
activation (17) and on the mechanical constraints. There- 
fore, adequate characterization of the transient activa- 
tion function is crucial for the simulation of the cardiac 
muscle performance. We define the level of activation as 
the number of available cross bridges at the weak con- 

formation that can turn to the strong force-generating 
conformation in the single-overlap region, which is 
described here by state A,. This definition enables us to 
successfully describe the FLR and FVR at various 
mechanical conditions and calcium concentrations. 

Cooperativity mechanism. The model uses only the 
type of cooperativity that is related to the effect of the 
number of cross bridges in the strong conformation on 
the apparent calcium-binding coefficient, with the as- 
sumption that this positive-feedback cooperativity 
mechanism is the dominant feedback mechanism that 
regulates calcium binding to troponin. The application 
of this type of cooperativity is based on our analysis of 
the force-length-free calcium relationships in the skinned 
cell and on the measured data of bound calcium to 
troponin (28). Obviously, the free calcium concentration 
in skinned cell experiments is steady, in contrast to that 
in the intact muscle, where the free calcium concentra- 
tion has a brief transient. Moreover, because of changes 
in the concentration of various cytoplasmic metabolites 
and changes in intracellular processes, it is reasonable 
to expect that the performance of the skinned cell will 
differ from that of the intact muscle. However, the 
contractile proteins of the skinned and intact muscle are 
similarly controlled by the regulatory proteins (Fig. 1), 
and therefore the cooperativity mechanism is the same 
in both, although its magnitude can differ. 

As is well known, the muscle employs an adaptive 
control mechanism, and different mechanical responses 
are generated when the parameters of the control 
system and the free calcium concentration transient are 
changed. This adaptive control mechanism plays a cen- 
tral role when the affinity of troponin to calcium varies 
as a result of inotropic stimulation or changes in the 
intracellular pH. Kentish et al. (26) reported that the 
shapes of the FLRs are similar in the intact cell and the 
(same) skinned cell, although they were obtained at 
different intracellular and extracellular calcium concen- 
trations. Their study strengthens the idea that the same 
regulatory mechanism of the contractile regulatory pro- 
teins determines the performances of the skinned and 
intact cell. Thus we believe that the skinned cell studies 
can be used to characterize the control mechanism and, 
especially, the cooperativity mechanism. 

Izakov et al. (25) suggest a model with two types of 
cooperativity mechanisms and define the cooperativity 
of the first type as the dependence of the affinity of 
troponin for calcium on the conformation of the cross 
bridge in the vicinity of the troponin. The cooperativity 
described in the present model links the affinity of 
troponin for calcium to the total amount of cross bridges 
at the strong conformation in the filament. The global 
effect of the cross bridges on calcium affinity is based 
here on the analysis of the amount of calcium bound to 
troponin at various length, force, and free calcium 
levels. This concept is in accordance with the findings of 
Guth and Potter (20), who suggest the existence of a 
global effect: the entire filament can be activated by a 
small number of cross bridges at the edge of the fila- 
ment. The studies of Grabarek et al. (18) and Williams 
et al. (38) also support the interaction among the 
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troponin-tropomyosin units. Moreover the study of 
Brandt et al. (6) also supports the hypothesis of Guth 
and Potter that the activation propagates along the 
filament through the troponin-tropomyosin interaction; 
they propose that all 26 troponin-tropomyosin units 
along the thin filament are activated cooperatively. 
Izakov et al. (25) describe this global effect in their 
second type of cooperativity, defined as an increase in 
the affinity of troponin to calcium when calcium is 
bound to a neighboring troponin. The question is 
whether the cooperativity mechanism with the “global” 
effect is due to cross bridges at the strong conformation 
or to calcium binding to neighboring troponin. 

Guth and Potter (20) showed that the cooperativity of 
calcium binding to troponin is lost in the absence of 
ATP. Hofmann and Fuchs (23), using a cardiac muscle, 
demonstrated a remarkable reduction of the calcium 
bound to troponin in the presence of vanadate. Thus it 
seems that the effect of the cooperativity is mainly due 
to the interaction of cycling cross bridges with the thin 
filaments. Moreover, Williams et al. (38) demonstrated 
that calcium alone cannot fully activate the ATPase, but 
cross-bridge binding increases the activity of ATPase by 
- lo-fold. 

The model of Izakov et al. (25) used Hill’s equation as 
a constitutive law of the muscle for any level of activa- 
tion and time during the contraction. In contrast, Hill’s 
equation is derived analytically (Eq. 28) and is an 
implicit property of the present model. 

Another fundamental difference between the present 
model and the study of Izakov et al. (25) relates to the 
calculation of the generated force. They assume (their 
Eq. 1) that the generated force is the product of the 
average force of a single cross bridge, the amount of 
calcium troponin complexes, and the probability that a 
cross bridge will be attached to the thin filament. Thus 
the activation function of their model is equivalent to 
the amount of bound calcium, independent of whether 
the adjacent cross bridges are attached or detached. This 
definition of the activation function implies a tight 
coupling between calcium kinetics and cross-bridge cy- 
cling: cross bridges generate force only when calcium is 
bound to troponin, and when no calcium is bound to 
troponin the force is zero. Peterson et al. (32) studied 
the rate of isometric force development after quick 
release at various instants during the twitch and sug- 
gested that the bound calcium decays well ahead of the 
force decay. Thus the cross bridges at late relaxation 
generate force, although the amount of bound calcium is 
negligible. 

Tight and loose coupling. Zahalak and Shi-ping (41) 
introduced the terms “tight” and “loose” couplings to 
describe the relationship between calcium kinetics and 
cross-bridge turnover in the skeletal muscle. Zahalak 
and Shi-ping adopted the tight-coupling model and 
argued that loose coupling cannot describe the extra 
calcium release observed in quick-release experiments. 
However, the tight-coupling concept requires the very 
rigorous assumption that calcium can release from the 
low-affinity sites only after the detachment of the cross 
bridges. Conversely, introducing adaptive coefficients in 

the loose-coupling model, so that the apparent calcium- 
binding coefficient to the low-affinity sites becomes a 
function of the developed force, can explain the extra 
calcium release observed in quick-release experiments: 
quick release reduces the number of cross bridges at the 
strong conformation and causes a reduction in the 
affinity to calcium, resulting in extra calcium release 
from the binding sites. 

The theoretically generated changes in the free cal- 
cium transients at various mechanical conditions (Figs. 
4B and SD) fit the experimentally observed changes, as 
measured using aequorin (3, 4, 27). These changes 
include the elevation of calcium transients after isotonic 
contraction compared with isometric contraction (27), 
the increase in the first free calcium transient after 
length shortening (4) before the contraction, and the 
wider free calcium transient at shorter sarcomere length 
(3) . 

Weak and strong conformations and cross-bridge 
attachment and detachment. According to the biochemi- 
cal models of muscle contraction (16), the process of 
cross-bridge cycling between the strong and the weak 
conformations is due to nucleotide binding and release: 
states actin-myosin-ATP and actin-myosin-ADP-phos- 
phate correspond to weakly bound cross bridges, whereas 
when ADP is associated with the myosin without phos- 
phate, the cross bridges are at the strong force- 
generating conformations (16). Therefore, ATP hydroly- 
sis and phosphate dissociation are related to the 
transition of the cross bridges from the weak to the 
strong conformation (10). 

There are biochemical studies showing that the myo- 
sin-ATP, the weak conformation, attaches and detaches 
from actin very rapidly. Moreover, Lombardi et al. (31) 
and Brenner (8) postulated that even when the cross 
bridges are in the strong conformation, there is evidence 
of rapid cross-bridge attachment and detachment be- 
tween the myosin and actin filaments. 

The rate constants of “mechanical” attachment/ 
detachment are much faster than the rate constants of 
cross-bridge cycling (8); thus the cross bridges approach 
equilibrium between attachment and detachment within 
the time course of cross-bridge cycling between the 
strong and the weak conformation. The present study 
describes the rate-limiting processes (assumptions 3 and 
4) associated with cross-bridge cycling between the weak 
and the strong conformation. The average force gener- 
ated by a single cross bridge is described on the basis of 
the experimental study of de Tombe and ter Keurs (14). 

FLR. The most important advantage of the present 
model is its ability to describe the FLR and the FVR as 
functions of the activation level. The model reproduces 
the steepness of the FLR reported by Allen and Kentish 
(1) and explains the increase in calcium sensitivity with 
increasing sarcomere length. The model links the in- 
creased affinity of troponin with the increase of sarco- 
mere length by the positive-feedback mechanism of the 
cooperativity; an increase in the sarcomere length in- 
creases the activation level. An increase in the activation 
level increases the number of cross bridges in the strong 
conformation and, through the cooperativity mecha- 
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nism, elevates calcium affinity, which further elevates 
the generated force. Thus the FLR in the cardiac muscle 
depends on the level of activation; interventions that 
increase the activation level, e.g., an increase in the free 
calcium (Fig. 5) or an increase in calcium affinity (Fig. 
6), shift the FLR curve to the left and affect its steep- 
ness. 

FVR-the shortening velocity. The major result of 
this study is that the dynamic loose-coupling model can 
describe a wide range of physiological phenomena in the 
intact muscle that were until now only experimentally 
determined. Of particular interest are the effects of the 
sarcomere length, free calcium transient,* and activation 
level on the FVR, the unloaded velocity (F = 0), and the 
shortening deactivation. 

As shown by Eqs. 27 and 32, the velocity of sarcomere 
shortening and the unloaded velocity depend mainly on 
three physiological parameters: the activation level, as 
defined by A,, the rate of cross-bridge cycling from the 
weak to the strong conformation, as denoted by f, and 
the internal load stiffness, &. Some brief comments on 
the properties of these parameters may help elucidate 
the physiological phenomena. 

As discussed above, the activation level, and thus the 
shortening velocity, depends on the free calcium concen- 
tration, the sarcomere length, the time during contrac- 
tion, and the affinity of troponin for calcium, which is 
determined by the cooperativity mechanism. As illus- 
trated in Figs. 5 and 6, the free calcium transient, the 
sarcomere length, and the cooperativity determine the 
FLR, the ability of the muscle to generate force, and 
thus the activation level. The dependence of the shorten- 
ing velocity on the free calcium and the sarcomere 
length was demonstrated by Daniels et al. (13) and 
Edman (15). Moreover they showed that the unloaded 
shortening velocity increases with the time during the 
twitch and reaches its maximum well ahead of the time 
of peak isometric contraction. This phenomenon is 
consistent with the present model, because the shorten- 
ing velocity depends on state A,, the activation level, 
which reaches its maximal level before the peak force 
(states T, and U, in Fig. 2). The present model demon- 
strates the combined effect of the free calcium and the 
sarcomere length on the activation level and thus on the 
shortening velocity. 

The shortening velocity also depends on the rate of 
cross-bridge cycling from the weak to the strong confor- 
mation (f in Eqs. 27 and 32), as was postulated by 
Brenner and Eisenberg (10). This relation can explain 
the dependence of the shortening velocity and the 
unloaded velocity on the temperature (15), because the 
elevation of the temperature increases the rate of acto- 
myosin ATPase activity (10). 

Finally, the shortening velocity is inversely related to 
the internal load stiffness. The internal load in the 
cardiac muscle has a significant influence on the FVR, as 
postulated by Ford (17) and seen in Eq. 27. The different 
curves in Fig. 9 for different initial sarcomere lengths in 
the cardiac muscle cannot, unlike the skeletal muscle, be 
reduced and normalized to one characteristic curve (17). 
The internal load is especially significant at low levels of 

activation and short sarcomere lengths (17), when the 
magnitude of the internal load is of the order of the 
developed force. 

All the above physiological parameters affect the 
shortening velocity, and their influence is expressed in 
the theoretically developed Hill’s equation. Note again 
that Hill’s equation is obtained here by accounting for 
the mechanical feedback, whereby the velocity of fila- 
ment shortening weakens cross-bridge conformation. 

Unloaded shortening velocity. The unloaded velocity 
is derived from the FVR described by Eq. 27 and thus 
depends on the free calcium level, sarcomere length, 
time during contraction, cooperativity, cross-bridge cy- 
cling rate, temperature, and internal load. As expressed 
in Eq. 32 for high levels of activation, the unloaded 
shortening velocity reaches a plateau. Thus, in accor- 
dance with the findings of Edman (15), the maximal 
shortening velocity is constant at sarcomere lengths of 
1.65-2.7 pm for high activation levels. Beyond this 
range, the internal load resistance to shortening at 
sarcomere lengths < 1.65 pm and the parallel elastic 
stiffness at sarcomere length > 2.7 pm is on the order of 
the activation level and affects the shortening velocity. 
Moreover, Eq. 34, which is obtained from Eq. 32 and 
describes the dependence of the unloaded velocity on the 
peak isometric force, is identical to the experimentally 
derived expression obtained by de Tombe and ter Keurs 
(14). 

The simulation of the FVR (Fig. 9), based on isometric- 
isotonic changeover experiments of Braunwald (7), dem- 
onstrates the importance of the instant during the 
twitch when the velocity is measured. Because the 
transition from the isometric to the isotonic regimen 
occurs earlier in the contraction as the isotonic load is 
reduced (Fig. s>, the activation level is also reduced. 
Thus, at low load levels, the activation level is low and 
the maximal unloading shortening velocity in this type 
of experiment is therefore lower than Vu,=. This conclu- 
sion strengthens the stipulated (13) importance of mea- 
suring the FVR at the same activation level or at the 
same instant during the contraction. 

The simulations thus demonstrate the ability of the 
model to calculate the velocity of shortening at any level 
of activation and under various mechanical constraints. 
It is important to note that the FVR is not a constitutive 
law of the cardiac muscle but is derived on the basis of a 
physiological description of the control of contraction. 

Shortening deactivation. The effect of the shortening 
velocity on the instantaneous force is often denoted 
“shortening deactivation,” but the underlying phenom- 
ena are not well differentiated in the literature. Here the 
reduction in the force due to the shortening is related to 
1) reduction in the sarcomere length and thus in the 
number of cross bridges in the single-overlap region 
(this mechanism has only a minor negligible effect), 2) 
reduction in the average force generated by each cross 
bridge, as postulated by de Tombe and ter Keurs (14), 3) 
decrease in the number of cross bridges in the strong 
conformation, i.e., cross-bridge weakening, as postu- 
lated by Eisenberg and Hill (16), and 4) reduction in the 
amount of bound calcium (27) and thus in the activation 
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level (state A,), i.e., reduction in the ability of the muscle 
to hydrolyze more ATP (12) and to generate force. Note 
that this reduction in the activation level is not solely 
due to reduction in the sarcomere length but also to the 
cooperativity mechanism, whereby the affinity of tropo- 
nin for calcium depends on the number of cycling cross 
bridges. 

The phenomenon of shortening deactivation (17, 27) 
is thus obtained by the combined effect of the two 
feedback loops: the shortening velocity weakens cross- 
bridge cycling through the mechanical feedback, which 
leads to a decrease in the affinity of troponin for calcium 
through the cooperativity feedback, which further de- 
creases the generated force. 

Consistent with the studies of Leach et al. (29) and 
Sagawa et al. (34), the model describes (Eq. 40) the 
phenomena of the shortening deactivation and the 
calculated force deficit. Consistent with the mechanical 
feedback mechanism, the force deficit depends on 1) the 
velocity of shortening, 2) the duration of shortening, 
and 3) the force level. The ability of the model to 
describe this phenomenon strengthens the stipulated 
importance of the mechanical feedback and especially its 
dependence on the force level. It is noteworthy that 
Sagawa et al. took a similar approach to that of Leach et 
al. and measured the instantaneous difference between 
the ejecting and isovolumetric pressures in the isolated 
left ventricle. They demonstrated that the instanta- 
neous ejection rate is the dominant cause for this 
pressure difference in the left ventricle. The correspon- 
dence between the present theoretical analysis and 
model simulations and these studies (29, 34) suggests 
that the model can be extended to describe the perfor- 
mance of the left ventricle in accordance with the 
studies of Sagawa and co-workers. 

Advantages and limitations. The model allows a 
comprehensive quantitative description of the cardiac 
cycle and the intracellular control of contraction. The 
main advantage of the present model lies in its ability to 
describe the basic mechanical properties of the cardiac 
muscle: the FLR and the FVR as a function of the 
activation level and mechanical constraints. Moreover 
the model provides a “theoretical” physiological basis to 
Hill’s equation for the FVR, as well as for the phenom- 
enon of unloaded velocity and shortening deactivation 
on the basis of calcium kinetics and cross-bridge cycling. 

The model also simulates the effect of the mechanical 
constraints, as load levels, on the free calcium tran- 
sients. However, the model does not describe the control 
of calcium release from the sarcolemma and the SR but 
makes use of a simple phenomenological model (30) to 
describe these calcium currents. A more sophisticated 
model may eventually provide better insight, but the 
present model yields quite satisfactory results. 

Conclusions. The proposed dynamic model has some 
special features that strengthen its credibility: 1) the 
model is based on calcium kinetics and on a biochemical 
model of cross-bridge cycling and does not depend on 
stationary measurements; 2) the activation function is 
well defined; 3) the model allows simulation of the 

known mechanical phenomena of the cardiac muscle 
relating to one beat; 4) the model is capable of simulat- 
ing the changes in the free calcium associated with 
different mechanical regimens; and 5) the model, given 
as a set of ordinary differential equations, can be used to 
study any mechanical and geometrical constraint. 

The model is based on experimentally established 
biochemical processes and substantiates a number of 
important physiological stipulations. 1) Calcium binding 
to the low-affinity sites on the troponin is necessary for 
triggering cross-bridge turnover from weak to strong 
conformations; 2) calcium dissociation from low-affinity 
sites can occur before cross-bridge turnover to the weak 
conformation, hence the term loose-coupling model; 3) 
the number of the cross bridges in the strong conforma- 
tion affects the affinity of troponin for calcium; this is 
the basis for the dominant cooperativity mechanism; 4) 
the cross-bridge turnover to the weak conformation is 
independent of the existence of bound calcium on the 
troponin; and 5) the velocity of filament sliding affects 
the turnover rate of the cross bridges from the strong to 
the weak conformation. Obviously, the success of the 
model strongly strengthens the validity of these stipula- 
tions. 

It is hoped that the proposed model can be used in the 
construction of a comprehensive model of excitation- 
contraction coupling and energy consumption. Because 
the parameters of the model describe physiological rate 
reactions, there is reason to believe that the proposed 
model can be useful in evaluating the effect of various 
pathological processes that may affect calcium kinetics 
and cross-bridge cycling. 
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