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Sedaghat, Ahmad R., Arthur Sherman, and Michael
J. Quon. A mathematical model of metabolic insulin signal-
ing pathways. Am J Physiol Endocrinol Metab 283:
E1084–E1101, 2002. First published July 2, 2002; 10.1152/
ajpendo.00571.2001.—We develop a mathematical model
that explicitly represents many of the known signaling com-
ponents mediating translocation of the insulin-responsive
glucose transporter GLUT4 to gain insight into the com-
plexities of metabolic insulin signaling pathways. A novel
mechanistic model of postreceptor events including phos-
phorylation of insulin receptor substrate-1, activation of
phosphatidylinositol 3-kinase, and subsequent activation of
downstream kinases Akt and protein kinase C-� is coupled
with previously validated subsystem models of insulin recep-
tor binding, receptor recycling, and GLUT4 translocation. A
system of differential equations is defined by the structure of
the model. Rate constants and model parameters are con-
strained by published experimental data. Model simulations
of insulin dose-response experiments agree with published
experimental data and also generate expected qualitative
behaviors such as sequential signal amplification and in-
creased sensitivity of downstream components. We examined
the consequences of incorporating feedback pathways as well
as representing pathological conditions, such as increased
levels of protein tyrosine phosphatases, to illustrate the util-
ity of our model for exploring molecular mechanisms. We
conclude that mathematical modeling of signal transduction
pathways is a useful approach for gaining insight into the
complexities of metabolic insulin signaling.
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INSULIN IS AN ESSENTIAL peptide hormone discovered in
1921 that regulates metabolism (26). Interestingly, the
ability of insulin to promote glucose uptake into tissues
was not demonstrated until 1949 (27). In 1971, specific
cell surface insulin receptors were identified (12). The
discovery that insulin-stimulated glucose transport in-
volves translocation of glucose transporters (e.g.,
GLUT4) from an intracellular compartment to the cell
surface was made in 1980 (8, 53). Since genes encoding
the human insulin receptor and GLUT4 were cloned in
1985 (10, 54) and 1989 (5, 13), respectively, steady
progress has been made in identifying components of

insulin signal transduction pathways leading from the
insulin receptor to translocation of GLUT4 (see Ref. 32
for review).

On binding insulin, the insulin receptor undergoes
receptor autophosphorylation and enhanced tyrosine
kinase activity. Subsequently, intracellular substrates
(e.g., insulin receptor substrate-1, IRS-1) are phosphor-
ylated on tyrosine residues that serve as docking sites
for downstream SH2 domain containing proteins, in-
cluding the p85 regulatory subunit of phosphatidyl-
inositide 3-kinase (PI 3-kinase). The p85 binding to
phosphorylated IRS-1 results in activation of the p110
catalytic subunit of PI 3-kinase that catalyzes produc-
tion of phosphoinositol lipids including phosphatidyl-
inositol 3,4,5-trisphosphates [PI(3,4,5)P3] that activate
the Ser/Thr kinase 3-phosphoinositide-dependent pro-
tein kinase (PDK)-1. PDK-1 phosphorylates and acti-
vates other downstream kinases, including Akt and
protein kinase C (PKC)-�, that mediate translocation
of GLUT4. PTP1B is a protein tyrosine phosphatase
(PTPase) that negatively regulates insulin signaling
pathways by dephosphorylating the insulin receptor
and IRS-1. Interestingly, IRS-1 and PTP1B upstream
from Akt and PKC-� have recently been identified as
substrates for these downstream kinases, suggesting
that feedback mechanisms exist (9, 33, 38, 39). Ele-
ments downstream from Akt and PKC-� linking insulin
signaling pathways with trafficking machinery for
GLUT4 are unknown (34). Thus a complete under-
standing of mechanisms regulating the metabolic ac-
tions of insulin has remained elusive.

One reason it has been difficult to comprehend met-
abolic insulin signaling pathways is that determinants
of signal specificity are poorly understood. Many sig-
naling molecules are shared in common among path-
ways initiated by distinct receptors. Moreover, cross
talk and feedback between a multitude of receptor-medi-
ated pathways generate signaling networks rather than
linear pathways. Without a theoretical framework, it is
difficult to understand how complexities evident from
experimental data determine cell behavior. Now that
the human genome has been sequenced, it may be
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possible to generate a vast experimental database for
understanding cellular signaling. Alfred Gilman has
founded The Alliance for Cellular Signaling (http://
www.cellularsignaling.org/) with the goal of inte-
grating relevant experimental data (temporal and spa-
tial relationships of signaling inputs and outputs in a
cell) into interacting theoretical models. This compre-
hensive approach may enable a full understanding of
the complexities of cell signaling. In this spirit, we now
develop a mathematical model of metabolic insulin
signaling pathways that explicitly represents many
known insulin signaling components. Our goal is to
define a comprehensive model that not only accurately
represents known experimental data but will also
serve as a useful tool to generate and test hypotheses.
This modeling approach may lead to novel insights
regarding the molecular mechanisms underlying insu-
lin signal transduction pathways that regulate meta-
bolic actions of insulin.

MODEL DEVELOPMENT

We use our previously validated models of insulin receptor
binding kinetics (57), receptor recycling (36), and GLUT4
translocation (35, 37) as subsystems in conjunction with a
novel mechanistic representation of postreceptor signaling

pathways to generate a complete model with 21 state vari-
ables. This complete model is then extended to incorporate
feedback pathways, and consequences of feedback are ex-
plored. Differential equations derived from the structure of
the complete model were solved by use of a fourth order
Runge-Kutta numerical integration routine (42), using the
WinPP version of XPPAUT (available at http://www.math.
pitt.edu/�bard/xpp/xpp.html; see APPENDIX A for complete
list of equations, initial conditions, and model parameters;
see http://mrb.niddk.nih.gov/sherman for WinPP source
files used to run simulations). A sufficiently small step size
(0.001 min) was used to ensure accurate numerical integra-
tions for all state variables. First order kinetics were as-
sumed except where noted.

Complete Model without Feedback

Insulin receptor binding subsystem. Our model of insulin
receptor binding kinetics (57) (Fig. 1A) was extended here to
include additional steps representing insulin receptor auto-
phosphorylation and dephosphorylation (Fig. 1B). On bind-
ing the first molecule of insulin, the receptor is rapidly
phosphorylated (1), resulting in receptors that may either
bind another molecule of insulin or dissociate from the first
molecule of insulin. Binding of a second molecule of insulin
does not affect the phosphorylation state of the receptor,
whereas receptor dephosphorylation occurs when insulin dif-
fuses off of the receptor, leaving a free receptor. In addition,

Fig. 1. Schematic of insulin receptor binding and life cycle subsystems. A: previously validated model of insulin
binding kinetics (57). x1, Free insulin concentration (system input); x2, free receptor concentration; x3, concentra-
tion of receptors with 1 molecule of insulin bound; x4, concentration of receptors with 2 molecules of insulin bound;
k1 and k�1, association and dissociation rate constants, respectively, for the first molecule of insulin to bind the
receptor; k2 and k�2, association and dissociation rate constants, respectively, for the second molecule of insulin to
bind the receptor. B: receptor binding subsystem extended to include receptor autophosphorylation and dephos-
phorylation. x5, Concentration of once-bound phosphorylated receptors; x4, redefined as concentration of twice-
bound phosphorylated receptors; k3, rate constant for receptor autophosphorylation; k�3, rate constant for receptor
dephosphorylation; [PTP], a multiplicative factor modulating k�3 that represents the relative activity of protein
tyrosine phosphatases (PTPases) in the cell that dephosphorylate the insulin receptor. C: previously validated
model of insulin receptor recycling (36). x6, Concentrations of intracellular receptors; k4, endocytosis rate constant
for free receptors; k�4, exocytosis rate constant; k4�, endocytosis rate constant for bound receptors; k5, zero order
rate constant for receptor synthesis; k�5, constant for receptor degradation. D: extension of insulin receptor binding
and recycling subsystems that includes phosphorylated receptors. x7 and x8, concentration of twice-bound and
once-bound intracellular phosphorylated receptors, respectively; k�4�, exocytosis rate for twice-bound and once-
bound intracellular phosphorylated receptors; k6, dephosphorylation rate constant for intracellular receptors that
is modulated by the multiplicative factor [PTP].
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protein tyrosine phosphatases that dephosphorylate the in-
sulin receptor and whose levels can vary under pathological
conditions (15) are explicitly represented as a multiplicative
factor ([PTP]) that modulates receptor dephosphorylation
rate. The differential equations for this subsystem are

x1 � insulin input (1)

dx2/dt � k�1x3 � k�3�PTP�x5 � k1x1x2 (2)

dx3/dt � k1x1x2 � k�1x3 � k3x3 (3)

dx4/dt � k2x1x5 � k�2x4 (4)

dx5/dt � k3x3 � k�2x4 � k2x1x5 � k�3�PTP�x5 (5)

Definitions for state variables and rate constants are given in
legend to Fig. 1, A and B. Note that we do not explicitly
include an intermediate state of free receptors that are still
phosphorylated because receptor occupancy and phosphory-
lation are tightly coupled, and we assume that there are
virtually no receptors in the unbound phosphorylated state.

Insulin receptor recycling subsystem. Our previous model
of insulin receptor life cycle explicitly represents synthesis,
degradation, exocytosis, and both basal and ligand-induced
endocytosis of receptors (36) (Fig. 1C). We now extend this
subsystem so that ligand-induced endocytosis is only applied
to phosphorylated cell surface receptors (Fig. 1D). Both once-
and twice-bound phosphorylated receptors are treated iden-
tically with respect to internalization. An additional step
representing dephosphorylation of internalized phosphory-
lated receptors and their incorporation into the intracellular
pool is included. State variables representing free surface
insulin receptors (x2) and phosphorylated surface receptors
(x4 and x5) are shared by both binding and recycling sub-
systems. Thus differential equations for these coupled sub-
systems (depicted in Fig. 1D) are

x1 � insulin input (6)

dx2/dt � k�1x3 � k�3�PTP�x5 � k1x1x2 � k�4x6 � k4x2 (7)

dx3/dt � k1x1x2 � k�1x3 � k3x3 (8)

dx4/dt � k2x1x5 � k�2x4 � k�4�x7 � k4�x4 (9)

dx5/dt � k3x3 � k�2x4 � k2x1x5 � k�3�PTP�x5

� k�4�x8 � k4�x5 (10)

dx6/dt � k5 � k�5x6 � k6�PTP��x7 � x8� � k4x2 � k�4x6 (11)

dx7/dt � k4�x4 � k�4�x7 � k6�PTP�x7 (12)

dx8/dt � k4�x5 � k�4�x8 � k6�PTP�x8 (13)

Definitions for additional state variables and rate constants
are given in legend to Fig. 1, C and D.

Postreceptor signaling subsystem. The postreceptor signal-
ing subsystem developed here (Fig. 2) comprises elements in
the metabolic insulin signaling pathway that are well estab-
lished (32). It is assumed that this is a closed subsystem so
that synthesis and degradation of signaling molecules are not
explicitly represented. The concentration of phosphorylated
surface insulin receptors is the input to this subsystem.
Activated insulin receptors phosphorylate IRS-1, which then
binds and activates PI 3-kinase. We modeled the dependence
of IRS-1 phosphorylation on phosphorylated surface recep-
tors as a linear function. That is, the rate constant for IRS-1
phosphorylation, k7, is modulated by the fraction of phos-
phorylated surface receptors (x4 	 x5)/(IRp), where IRp is the
concentration of phosphorylated surface receptors achieved
after maximal insulin stimulation. The association of phos-
phorylated IRS-1 with PI 3-kinase is assumed to occur with a

stoichiometry of 1:1. Differential equations governing phos-
phorylation of IRS-1 and subsequent formation of phosphor-
ylated IRS-1/activated PI 3-kinase complex are

dx9/dt � k�7�PTP�x10 � k7x9�x4 � x5�/�IRp� (14)

dx10/dt � k7x9�x4 � x5�/�IRp�

� k�8x12 � �k�7�PTP� � k8x11�x10 (15)

dx11/dt � k�8 x12 � k8x10x11 (16)

dx12/dt � k8 x10x11 � k�8 x12 (17)

Activated PI 3-kinase converts the substrate phosphatidylino-
sitol 4,5-bisphosphate [PI(4,5)P2] to the product PI(3,4,5)P3.
This is modeled as a linear function so that k9, the rate
constant for generation of PI(3,4,5)P3, is dependent on x12,
the amount of activated PI 3-kinase (see APPENDIX B for detailed
derivation). 5�-Lipid phosphatases such as SHIP2 convert
PI(3,4,5)P3 to phosphatidylinositol 3,4-bisphosphate PI(3,4)P2]
(6), whereas 3�-lipid phosphatases such as PTEN convert
PI(3,4,5)P3 to PI(4,5)P2 (45). The differential equations de-
scribing interconversion between these phosphatidylinositi-
des are

dx13/dt � k9x14 � k10 x15 � �k�9�PTEN� � k�10�SHIP��x13 (18)

dx14/dt � k�9�PTEN�x13 � k9x14 (19)

dx15/dt � k�10�SHIP�x13 � k10x15 (20)

Fig. 2. Schematic of postreceptor signaling subsystem. x9, Concen-
tration of unphosphorylated insulin receptor substrate (IRS)-1; x10,
concentration of tyrosine-phosphorylated IRS-1; x11, concentration of
free phosphatidylinositol 3-kinase (PI 3-kinase; PI3-K); x12, concen-
tration of the phosphorylated IRS-1/activated PI 3-kinase complex;
x13, x14, and x15, percentages of various phosphoinositol lipids in the
cell; x16 and x17, percentages of unphosphorylated and phosphory-
lated Akt in the cell, respectively; x18 and x19, percentages of unphos-
phorylated and phosphorylated protein kinase C (PKC)-� in the cell,
respectively. The rate constants k7 to k12 and k�7 to k�12 govern the
conversion between state variables as indicated. [PTP] is a multipli-
cative factor modulating k�7 that represents the relative activity of
PTPases in the cell that dephosphorylate IRS-1. [PTEN] and [SHIP]
are multiplicative factors modulating k�9 and k�10, respectively,
that represent the relative activity of these lipid phosphatases in the
cell. Arrows with solid lines indicate first-order reactions. Arrows
with dashed lines indicate reactions where the value of a state
variable influences the value of the rate constant.
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As with [PTP], the lipid phosphatase factors [SHIP] and
[PTEN] correspond to the relative phosphatase activity in the
cell and are assigned a value of 1 under normal physiological
conditions.

Activation of downstream Ser/Thr kinases Akt and PKC-�
is dependent on levels of PI(3,4,5)P3 (2, 49). In our model, this
is governed by rate constants that interact with the level of
PI(3,4,5)P3 (see APPENDIX B for detailed derivation). The dif-
ferential equations describing this are

dx16 /dt � k�11x17 � k11x16 (21)

dx17/dt � k11x16�k � 11x17 (22)

dx18 /dt � k�12 x19 � k12x18 (23)

dx19 /dt � k12 x18 � k�12 x19 (24)

The output of this subsystem is represented as a metabolic
“Effect” due to Akt and PKC-� activity, with 80% of the
metabolic insulin signaling effect attributed to PKC-� and
20% of the effect attributed to Akt (3, 7, 49)

Effect � �0.2x17 � 0.8x19�/�APequil� (25)

where APequil is the steady-state level of combined activity
for Akt and PKC-� after maximal insulin stimulation (nor-
malized to 100%). Definitions for additional state variables
and rate constants in the postreceptor signaling subsystem
are given in the legend to Fig. 2.

GLUT4 translocation subsystem. The final subsystem is
our previous model of GLUT4 translocation (35, 37) (Fig. 3).
Under basal conditions, GLUT4 recycles between an intra-
cellular compartment and the cell surface. The differential
equations for this subsystem are

dx20/dt � k�13 x21 � �k13 � k13��x20 � k14 � k�14x20 (26)

dx21/dt � �k13 � k13��x20 � k�13 x21 (27)

Definitions for additional state variables and rate constants
in the GLUT4 translocation subsystem are given in the
legend to Fig. 3. On insulin stimulation, there may be a
separate pool of intracellular GLUT4 recruited to the cell
surface (17, 18, 40). To represent this aspect of GLUT4
trafficking, the insulin-stimulated exocytosis rate (k13�) is

increased to its maximum value as a linear function of the
metabolic effect produced by phosphorylated Akt and PKC-�.
By assuming that the basal equilibrium distribution of 4%
cell surface GLUT4 and 96% GLUT4 in the intracellular pool
transitions on maximal insulin stimulation to a new steady
state of 40% cell surface GLUT4 and 60% intracellular
GLUT4, the equations governing changes in k13 and k13� are

k13 � �4/96�k�13 (28)

k13� � ��40/60� � �4/96��k � 13 � �Effect� (29)

Thus changes in k13� are linearly dependent on the output of
the signaling subsystem (Effect).

For our complete model without feedback, the four sub-
systems described above were coupled by shared common
elements (Fig. 4) (see APPENDIX B for derivation of initial
conditions, rate constants, and parameters).

Complete Model with Feedback

Recent evidence suggests that Akt and PKC-� may partic-
ipate in positive and negative feedback in metabolic insulin
signaling pathways (9, 33, 38, 39). To investigate potential
functional consequences of these feedback pathways, we in-
corporated both positive and negative feedback loops into our
complete model (Fig. 5). Phosphorylation of PTP1B by Akt
impairs the ability of PTP1B to dephosphorylate insulin
receptors and IRS-1 by 25% (38). Because PTP1B itself neg-
atively modulates insulin signaling, the downstream nega-
tive regulation of an upstream negative signaling element
represents a positive feedback loop for insulin signaling. We
implemented this positive feedback loop by assuming a linear
effect of activated Akt (x17) to inhibit PTP1B activity with a
25% decrease in [PTP] at maximal insulin stimulation. Thus
[PTP] is multiplied by 1 � 0.25x17/(100/11) (where 100/11 is
the percentage of activated Akt after maximal insulin stim-
ulation and for x17� 400/11; otherwise, [PTP] 
 0; see APPEN-
DIX B for derivation).

We also incorporated a negative feedback loop in which
serine phosphorylation of IRS-1 by PKC-� impairs formation
of the phosphorylated IRS-1/activated PI 3-kinase complex
(39). To represent this, we assumed that serine phosphory-

Fig. 3. Schematic of GLUT4 transloca-
tion subsystem (35, 37). x20, Percent-
age of intracellular GLUT4; x21, per-
centage of GLUT4 at the cell surface;
k�13, rate constant for GLUT4 inter-
nalization; k13, rate constant for trans-
location of GLUT4 to the cell surface
under basal conditions; k13�, rate con-
stant for translocation of GLUT4; k14

(zero order) and k�14, rate constants
for GLUT4 synthesis and degradation,
respectively. The “metabolic Effect”
from postreceptor signaling subsystem
increases k13�.
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lation of IRS-1 by activated PKC-� creates an IRS-1 species
unable to associate with and activate PI 3-kinase (represent-
ed by the state variable x10a). The formation of x10a tends to
decrease the level of activated PI 3-kinase in response to
insulin stimulation (when compared with a system without
negative feedback). Additional differential equations describ-
ing interconversion between unphosphorylated IRS-1 (x9)
and serine-phosphorylated IRS-1 (x10a) are

dx9 /dt � k�7�PTP�x10 � k7x9�x4 � x5�/

�IRp� � k�7�x10a � k7��PKC�x9 (30)

dx10a /dt � k7��PKC�x9 � k�7�x10a (31)

where Eq. 30 is an updated version of Eq. 14, k7� is the rate
constant for serine phosphorylation of IRS-1 by PKC-�, and
k�7� is the rate constant for serine dephosphorylation. We
include a multiplicative factor, [PKC], that modulates k7� to
model the ability of phosphorylated, activated PKC-� (x19) to
generate serine-phosphorylated IRS-1. [PKC] is defined as a

standard Hill equation that is commonly used to represent
enzyme kinetics, where [PKC] 
 Vmaxx19(t � �)n/[Kd

n 	 x19

(t � �)n], where Vmax is maximal velocity and Kd is dissocia-
tion constant. This explicitly incorporates a time lag (�) into
the negative feedback loop. The parameters used in this
equation are listed in APPENDIX A.

RESULTS

Model Simulations without Feedback

We began evaluation of our complete model without
feedback by generating time courses for all state vari-
ables in response to a maximally stimulating step input
of 10�7 M insulin that was turned off after 15 min
(Figs. 6 and 7). Thirty seconds after the initial insulin
stimulation, �98% of the free insulin receptors became
bound to insulin and underwent autophosphorylation
(Fig. 6, A–C). Phosphorylated once-bound insulin re-

Fig. 4. Complete model of metabolic
insulin signaling pathways obtained
by coupling subsystem models for insu-
lin receptor binding, receptor recycling,
postreceptor signaling, and GLUT4 trans-
location.

Fig. 5. Complete model of metabolic
insulin signaling pathways with feed-
back. Identical to model shown in Fig.
4 except that new elements comprising
positive and negative feedback path-
ways are indicated by dotted lines.
PKC-� serine phosphorylates IRS-1 to
create a negative feedback pathway,
and Akt phosphorylates PTP1B to cre-
ate a positive feedback pathway.
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Fig. 6. Model simulations without
feedback. Time courses for unbound re-
ceptors (A), once- and twice-bound
phosphorylated surface receptors (B),
total phosphorylated surface receptors
(C), and unphosphorylated and ty-
rosine-phosphorylated IRS-1 (D) after
a step input of 10�7 M insulin for 15
min.

Fig. 7. Model simulations without feed-
back. Time courses for activated PI 3-kinase
(A), levels of phosphatidylinositol 3,4,5-
trisphosphate [PI(3,4,5)P3] and phosphati-
dylinositol 3,4-bisphosphate PI(3,4)P2] (B),
activated PKC-� (C), and cell surface
GLUT4 (D) after a step input of 10�7 M
insulin for 15 min.
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ceptors at the cell surface made up �75% of the surface
receptor population, and phosphorylated twice-bound
surface receptors comprised �23% of the surface recep-
tor population. When insulin was removed after 15 min
of stimulation, the concentration of free insulin recep-
tors returned to basal levels with a half-time of �3.5
min. A short transient rise in the concentration of
phosphorylated surface receptors bound to one mole-
cule of insulin was observed as phosphorylated twice-
bound surface receptors passed through the once-
bound state to return to the unbound free state. As
expected, the state variables x6, x7, and x8, which
represent intracellular insulin receptors, did not
change very much with an acute insulin stimulation
(data not shown). These results are in good agreement
with both published experimental data and previous
results from our subsystem models of receptor binding
and recycling (36, 51, 57). In response to the rise in
autophosphorylated surface insulin receptors, unphos-
phorylated IRS-1 was rapidly converted to tyrosine-
phosphorylated IRS-1 (Fig. 6D). Consistent with pub-
lished experimental data (29), maximal IRS-1 tyrosine
phosphorylation was observed within 1 min of the
initiation of insulin stimulation. On removal of insulin,
IRS-1 underwent dephosphorylation back to basal con-
ditions with a half-time of �8 min. This was also
consistent with published experimental data (24).

Maximal formation of the phosphorylated IRS-1/ac-
tivated PI 3-kinase complex in response to 10�7 M
insulin occurred within �1.5 min (Fig. 7A). This is in
good agreement with published data showing that PI3-
kinase and tyrosine-phosphorylated IRS-1 molecules
associate quickly after insulin stimulation (2, 14). The
time course for disappearance of activated PI 3-kinase
after the removal of insulin followed the time course for
dephosphorylation of IRS-1. PI 3-kinase activated in
response to insulin stimulation catalyzed the conver-
sion of PI(4,5)P2 to PI(3,4,5)P3, which in turn drove the
formation of PI(3,4)P2 (Fig. 7B). The level of PI(3,4,5)P3
increased from 0.31 to 3.1% of the total lipid popula-
tion, and the level of PI(3,4)P2 increased from 0.29 to
2.9% of the total lipid population as it equilibrated with
PI(3,4,5)P3. On removal of insulin, the phosphatidyli-
nositides returned to basal levels (time to half-maxi-
mal levels was �11 min). The levels of PI(3,4,5)P3
controlled the formation of phosphorylated, activated
PKC-� (Fig. 7C). Maximal PKC-� activation occurred
within 3 min of insulin stimulation. After insulin was
removed, the level of activated PKC-� declined back to
basal levels (time to half-maximal levels was �11 min).
The time course for phosphorylated, activated Akt was
identical to that for PKC-� (data not shown). Insulin-
stimulated activation of PKC-� and Akt mediates in-
creased exocytosis of GLUT4 so that 40% of total cel-
lular GLUT4 was at the cell surface and 60% was
intracellular after maximal insulin stimulation (Fig.
7D). Our simulations of insulin-stimulated GLUT4 re-
cruitment occurred with a half-time of �3 min, match-
ing published experimental results (18, 20). When in-
sulin was removed, surface and intracellular GLUT4
levels returned to their basal values (time to half-

maximal levels was �16 min). Thus the overall re-
sponse of our complete model without feedback to an
acute insulin input is in good agreement with both a
variety of published experimental data and previously
validated subsystem models.

Model Simulations with Feedback

Having developed a plausible mechanistic model of
metabolic insulin signaling pathways related to trans-
location of GLUT4, we next explored the effects of
including positive and negative feedback loops to gain
additional insight into the complexities of insulin sig-
naling. Phosphorylation of PTP1B by Akt partially
inhibits the ability of PTP1B to dephosphorylate the
insulin receptor and IRS-1 (38). In addition, PKC-�
phosphorylates serine residues on IRS-1 and inhibits
the ability of IRS-1 to bind and activate PI 3-kinase
(39). As described in MODEL DEVELOPMENT, we incorpo-
rated these positive and negative feedback interactions
into our model. As for the model without feedback, we
generated time courses for all state variables in re-
sponse to a maximally stimulating step input of 10�7 M
insulin for 15 min (Figs. 8 and 9). Time courses for the
various insulin receptor states in response to insulin
stimulation were qualitatively similar to results ob-
tained from our model without feedback (cf. Fig. 6).
However, after removal of insulin, the return of free
surface receptors to basal levels and the disappearance
of total phosphorylated surface receptors occurred a
little more slowly than in the model without feedback.
These results are consistent with the presence of a
positive feedback loop at the level of the insulin recep-
tor. With incorporation of negative feedback at the
level of IRS-1, the time course for IRS-1 tyrosine phos-
phorylation in response to insulin stimulation is quite
different from model simulations generated without
feedback. In response to insulin, the level of tyrosine-
phosphorylated IRS-1 transiently reached a peak of
0.84 pM within 1.5 min. This was followed by a rapid
60% decrease before a final equilibration at �0.30 pM
by 11 min (Fig. 8D). Thus the presence of negative
feedback at the level of IRS-1 caused transient oscilla-
tory behavior and a lower steady-state level for ty-
rosine-phosphorylated IRS-1. Levels of serine-phos-
phorylated IRS-1 first began to rise after 1.5 min of
insulin stimulation. Similar to tyrosine-phosphory-
lated IRS-1, the concentration of serine-phosphory-
lated IRS-1 equilibrated at 0.76 pM after 5 min of
insulin stimulation. Less than 10% of the total IRS-1
remained in the unactivated state after maximal insu-
lin stimulation. Removal of insulin resulted in conver-
sion of both serine- and tyrosine-phosphorylated IRS-1
back to unphosphorylated IRS-1 (time to return to
half-maximal levels was �17 min).

The transient oscillatory behavior observed for ty-
rosine-phosphorylated IRS-1 in response to insulin
stimulation was also observed for activated PI 3-kinase
(Fig. 9A). Activated PI 3-kinase transiently peaked at
5.6 fM within 1.8 min. This was followed by a rapid
undershoot and then equilibration at �1.9 fM by 10
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Fig. 8. Model simulations with feedback. Time
courses for unbound receptors (A), once- and
twice-bound phosphorylated surface receptors
(B), total phosphorylated surface receptors (C),
and unphosphorylated, serine-phosphorylated,
and tyrosine-phosphorylated IRS-1 (D) after a
step input of 10�7 M insulin for 15 min.

Fig. 9. Model simulations with feedback.
Time courses for activated PI 3-kinase (A),
levels of PI(3,4,5)P3 and PI(3,4)P2 (B), ac-
tivated PKC-� (C), and cell surface GLUT4
(D) after a step input of 10�7 M insulin for
15 min.
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min. On removal of insulin, the concentration of acti-
vated PI 3-kinase returned to basal levels (time to
half-maximal levels was �17 min). The time courses for
PI(3,4,5)P3, PI(3,4)P2, PKC-�, and Akt displayed a qual-
itatively similar dynamic (Fig. 9, B and C). That is, after
1 min of insulin stimulation, the level of PI(3,4,5)P3
increased from 0.31% of the total lipid population to a
peak of �6.1% followed by an undershoot before equil-
ibration at �2.5%. The level of PI(3,4)P2 increased
from 0.21% to a peak of �5.6% before equilibrating at
a steady-state level of �2.4%. On removal of insulin,
both PI(3,4,5)P3 and PI(3,4)P2 returned to their basal
levels (time to half-maximal levels was �17 min). In
response to insulin, the percentage of activated PKC-�
transiently peaked at �17.1% after �1.5 min followed
by an undershoot and equilibration at �7.4% by 11
min. After insulin was removed, the level of activated
PKC-� declined to basal levels with a time to half-
maximal levels of �17 min. Because we modeled the
behavior of Akt identically to PKC-�, the time course
for phosphorylated, activated Akt mirrored that for
PKC-� (data not shown). With respect to translocation
of GLUT4, the overall shapes of the time courses for
cell surface GLUT4 with and without feedback were
similar. However, with inclusion of positive and nega-
tive feedback loops, described above, the half-time for
translocation of GLUT4 to the cell surface in response
to insulin was slightly shorter than that observed in
the model without feedback (�2.5 min), whereas the
time for return to basal levels after insulin removal
was longer (time to half-maximal level was �18 min).
Thus the inclusion of positive and negative feedback
loops into our model of metabolic insulin signaling

generates predictions regarding the dynamics of vari-
ous signaling components that may be experimentally
testable.

Insulin Dose-Response Characteristics

We generated simulations of insulin dose-response
curves to further explore characteristics of our model
with and without feedback. Step inputs ranging from
10�6 to 10�12 M insulin for 15 min were used to
construct dose-response curves for maximum levels of
bound insulin receptors at the cell surface, total phos-
phorylated receptors at the cell surface, activated PI3-
kinase, and cell surface GLUT4 (Fig. 10). Published
experimental data corresponding to each of these ele-
ments were then compared with simulation results.
The experimental data used for comparison were ob-
tained from a series of experiments performed in the
same preparation of rat adipose cells (47). For bound
surface insulin receptors (x3 	 x4 	 x5), the dose-
response curve generated by our model without feed-
back had a half-maximal effective dose (ED50) of 3.5
nM (Fig. 10A). Our model with feedback generated a
curve with an ED50 of 2.9 nM. Both of these simulation
results were similar to the experimentally determined
ED50 of 7 nM that was reported by Stagsted et al. (47).
With respect to receptor autophosphorylation, model
simulations without feedback generated a dose-re-
sponse curve for surface phosphorylated receptors
(x4 	 x5) with an ED50 of 3.5 nM (Fig. 10B). Model
simulations with feedback generated a dose-response
curve with an ED50 of 2.9 nM. The experimentally
determined ED50 for receptor autophosphorylation was

Fig. 10. Experimentally generated insulin
dose-response curves adapted from Ref. 47
were compared with dose-response curves
generated from our model with and with-
out feedback for bound receptors (A), phos-
phorylated receptors at the cell surface
(B), PI 3-kinase activity (C), and glucose
uptake (D; assumed to be directly propor-
tional to GLUT4 levels at the cell surface).
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reported as 5 nM (47). The close similarity between
insulin dose-response curves for receptor binding and
receptor autophosphorylation observed in both our
simulations and the experimental data is consistent
with the tight coupling of the dynamics of these pro-
cesses.

For activated PI 3-kinase, model simulations with-
out feedback generated an insulin dose-response curve
with an ED50 of 0.83 nM. Model simulations with
feedback showed a slightly greater sensitivity with an
ED50 of 1.43 nM. These simulation results seem rea-
sonable, since downstream components should have
greater insulin sensitivity than proximal events if one
assumes that signal amplification occurs for down-
stream elements. Interestingly, the experimentally de-
termined ED50 for activated PI 3-kinase reported by
Stagsted et al. (47) is 8 nM. With respect to insulin-
stimulated translocation of GLUT4, model simulations
without feedback generated a dose-response curve with
an ED50 of 0.53 nM, whereas model simulations with
feedback generated a dose-response curve with a
slightly smaller ED50 of 0.19 nM. In rat adipose cells,
the ED50 
 0.17 nM for insulin-stimulated glucose
uptake (47). Again, our simulation results are not only
consistent with kinetic expectations but also closely
match experimental results, including observations
that maximal glucose uptake occurs with partial insu-
lin receptor occupancy (47). A general result from these
model simulations is that insulin sensitivity increases
for components farther downstream in the signaling
pathway. In addition, the presence of feedback in our
model resulted in slightly increased sensitivity for each
signaling component examined compared with simula-
tions without feedback.

Biphasic Activation of PKC-�

Biphasic activation of PKC-� in rat adipocytes in
response to insulin stimulation has been previously
reported (48, 50). However, the mechanism underlying
this dynamic is unknown. To determine whether the
presence of feedback in insulin signaling pathways
might account for this biphasic response, we compared
published experimental data on activation of PKC-�
with model simulations in the presence or absence of
feedback. We used a step input of 10�8 M insulin for 15
min to mimic the experimental conditions reported in
Standaert et al. (48). Intriguingly, the time course for
activated PKC-� in response to insulin generated from
the simulation with feedback displayed a biphasic dy-
namic that more closely matched the experimental
data, whereas the model without feedback failed to
produce a biphasic response (Fig. 11). Thus one possi-
ble mechanism to generate a biphasic activation of
PKC-� in response to insulin is the presence of feed-
back pathways.

Effects of Increased Levels of PTPases on Insulin-
Stimulated Translocation of GLUT4

To demonstrate the ability of our model to represent
pathological conditions, we ran model simulations

without feedback where we examined the effects of
increased PTPase activity on translocation of GLUT4.
Simulations of the time courses for cell surface GLUT4
were generated for 15-min insulin step inputs of 10�7,
10�9, and 10�10 M and [PTP] 
 1. These control curves
were then compared with simulations in which [PTP] 

1.5 (mimicking diabetes or obesity). As might be pre-
dicted, increasing [PTP] resulted in a decreased amount
of cell surface GLUT4 at every insulin dose and a more
rapid return to the basal state when insulin is removed
(Fig. 12). Moreover, the effect of increased PTPase
activity to reduce cell surface GLUT4 (in terms of
percentage) is more pronounced at lower insulin doses.
Thus, at an insulin dose of 10�7 M, increasing [PTP] by
50% causes a 6.5% decrease in peak insulin-stimulated
GLUT4 at the cell surface, whereas at the 10�10 M
insulin dose, a 50% increase in [PTP] results in a 27.9%
decrease in peak insulin-stimulated cell surface GLUT4.
These results are consistent with the amplification prop-
erties of this signal transduction system and the func-
tion of PTPases to negatively regulate insulin signal-
ing at the level of the insulin receptor and IRS-1. Model
simulations with feedback gave qualitatively similar
results (data not shown).

DISCUSSION

Since the discovery of insulin over 80 years ago,
tremendous progress has been made in elucidating the
molecular mechanisms of insulin action. However, re-
cent investigations of insulin signaling reveal biologi-
cal complexities that are still not fully understood. For
example, the determinants of specificity for metabolic
insulin signaling pathways are largely unknown.
Rapid progress in the field of signal transduction and
genomics has inspired the foundation of groups such as
the National Resource for Cell Analysis and Modeling
(NRCAM; pioneers in the Virtual Cell project; see Ref.
41) and The Alliance for Cellular Signaling. These
groups strongly argue that a theoretical approach with
a comprehensive database is absolutely necessary for a
full understanding of cellular signaling behavior.

Fig. 11. Biphasic activation of PKC-� in response to insulin stimu-
lation. Published data on insulin-stimulated activation of PKC-�
(adapted from Ref. 48, Fig. 2A; F) were compared with simulation
results from our model with (E) and without (‚) feedback using a step
input of 10�8 M insulin for 15 min.
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Model Development

Previous applications of mathematical modeling to
insulin action have focused on limited areas such as
receptor binding kinetics and GLUT4 trafficking (17,
35–37, 43, 44, 57). The predictive power of these mod-
els has been useful for understanding particular as-
pects of insulin action. In the present work, we incor-
porate some of these models along with a novel current
description of insulin signal transduction elements
into a complete model of metabolic insulin signaling
pathways. Because some signaling elements repre-
sented in the model have just recently been discovered,
biochemical characterization of the kinetics for these
elements remains incomplete. For example, time courses

of activation are often reported with reference to insulin
stimulation without characterization relative to imme-
diate upstream precursors. Moreover, limitations in
experimental approaches preclude the determination
of some time courses with sufficient resolution. Thus
we did not explicitly include an element for PDK-1
between the generation of PI(3,4,5)P3 and the phos-
phorylation of PKC-� and Akt because insufficient ki-
netic data are available in the literature. Similarly,
elements downstream from PKC-� and Akt that link
metabolic insulin signaling pathways with the machin-
ery for GLUT4 trafficking are unknown and therefore
not explicitly represented.

One potential pitfall in developing such a compli-
cated model is that the number of arbitrary free pa-
rameter choices may decrease the predictive power of
the model. To address this issue, we incorporated pre-
vious models as subsystems in our complete model to
significantly reduce the number of arbitrary elements.
Rate constants and parameters for these subsystems
had previously been independently obtained and vali-
dated. The majority of remaining model parameters
and rate constants characterizing newly modeled steps
of the metabolic insulin signaling pathway were based
on experimental data in the literature. We also used
boundary value conditions to derive fixed relationships
among various rate constants and model parameters to
further decrease the degrees of freedom in the struc-
ture of the model. Finally, as a simplifying measure, we
represented the numerous kinetic reactions in our
model as first-order reactions coupled by shared com-
mon elements. We have attempted to thoroughly vali-
date our complete model by demonstrating that the
behavior of each individual state variable in response
to a step insulin input closely matches experimental
data from a variety of independent sources. As further
evidence of the validity of our complete model, our
system as a whole generated properties that have been
observed experimentally, including the presence of
“spare receptors” (e.g., maximal activation of GLUT4
translocation with submaximal insulin receptor occu-
pancy), signal amplification, and increased insulin sen-
sitivity for downstream components in the signaling
pathway. Because three of the four model subsystems
have previously been validated and the behavior of the
overall model agrees closely with published experimen-
tal data, we conclude that our postreceptor signaling
subsystem is reasonable and robust. Moreover, the rate
constants chosen for the signaling subsystem were
based on data in the literature. Although a more com-
plete exploration of the postreceptor signaling sub-
system is of interest, this is beyond the scope of the
current study.

In some cases where mechanisms regulating inter-
actions between signaling elements are not fully un-
derstood, we modeled these interactions as linear rela-
tionships. The rate of IRS-1 phosphorylation in response
to activated insulin receptors, the rate of PI(3,4,5)P3
generation in response to activated PI 3-kinase, the
rate of PKC-� and Akt phosphorylation in response to

Fig. 12. Effects of increasing PTP on time courses for insulin-stim-
ulated translocation of GLUT4. Simulations for cell surface GLUT4
in response to a 15-min step input of 10�7 M insulin (A), 10�9 M
insulin (B), and 10�10 M insulin (C) are shown for [PTP] 
 1.0 (open
symbols) and [PTP] 
 1.5 (solid symbols) using our model without
feedback.
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increased levels of PI(3,4,5)P3, and the rate of exocyto-
sis for GLUT4 in response to phosphorylated PKC-�
and Akt are all modeled as simple linear functions. In
the case of the negative feedback loop where PKC-�
phosphorylates IRS-1 on serine residues, we modu-
lated the rate constant for serine phosphorylation of
IRS-1 using a standard Hill equation to incorporate a
reasonable time lag. Importantly, we observed a good
overall match between experimental data and model
simulations for both insulin dose-response curves and
time courses. Thus our coupling assumptions seem
reasonable. Nevertheless, these points in the model
represent areas that could be further refined in the
future when a greater understanding of the molecular
mechanisms involved is achieved. Indeed, by modeling
more complicated coupling mechanisms, specific simu-
lation results may give rise to experimentally testable
predictions. This interplay between theoretical predic-
tions and experimental results may yield important
insights into the molecular mechanisms of insulin ac-
tion.

Model Simulations without Feedback

We validated the structure of our complete model by
comparing published experimental data with model
simulations in response to an acute insulin stimulus.
In our model without feedback, the dynamics of insu-
lin-stimulated phosphorylation of IRS-1, activation of
PI 3-kinase, production of PI(3,4,5)P3 and PI(3,4)P2,
and phosphorylation of Akt and PKC-� all fit well with
published experimental data (2, 29, 46, 48, 55). On
removal of insulin, the dynamics of the return to basal
states in our simulations showed a time to half-maxi-
mal levels of �8 min for phosphorylated IRS-1 and
activated PI 3-kinase and �11 min for PI(3,4,5)P3,
phosphorylated Akt, and phosphorylated PKC-�. Be-
cause minimal kinetic data exist regarding the return
to basal levels after removal of insulin, these simula-
tion results represent predictions of our model. Finally,
as expected, time courses for insulin receptor binding
and GLUT4 translocation also matched experimental
data when these subsystems were placed into the con-
text of the overall model.

In our simulations we observed a time lag between
the insulin input and subsequent steps in insulin sig-
naling that increased as the signal propagated down-
stream. This lag was present for simulations of both
insulin stimulation and removal. Because the kinetics
governing most state variables were modeled as first-
order events, recovery to basal conditions of each com-
ponent would be expected to appear as a concave-up,
exponential decay curve. Interestingly, in our simula-
tions of insulin removal (after 15-min insulin stimula-
tion), we observed the presence of a concave-down
region immediately before the concave-up exponential
decay that became more pronounced for distal compo-
nents and is clearly evident in the simulations of
GLUT4 translocation (Fig. 7D). This qualitative behav-
ior is consistent with the presence of a signaling cas-

cade that controls insulin-stimulated translocation of
GLUT4 and has been observed experimentally in rat
adipose cells (20).

To further validate our complete model without feed-
back, we compared published experimental data with
simulations of insulin dose-response curves for key
state variables (Fig. 10). The usefulness of these com-
parisons was substantially strengthened by the fact
that data on insulin receptor binding, receptor auto-
phosphorylation, PI 3-kinase activation, and glucose
transport were obtained from a single experimental
preparation of rat adipose cells (47). Qualitatively, the
sigmoidal shape of dose-response curves generated by
our model simulations (when plotted as a semi-log
graph) is consistent with the hyperbolic response char-
acteristic of most receptor-mediated biological events.
In addition, we observed increased insulin sensitivity
for downstream components of the insulin signaling
pathway. That is, ED50 
 3.5 nM for receptor binding,
ED50 
 3.5 nM for receptor autophosphorylation,
ED50 
 0.83 nM for PI 3-kinase activation, and ED50 

0.53 nM for GLUT4 translocation. This increased sen-
sitivity of downstream components, consistent with the
presence of a signal amplification cascade, is a well-
described characteristic for biological actions of insu-
lin. For example, only a fraction of insulin receptors
need to be occupied by insulin for maximal glucose
uptake to occur in adipose cells (20, 47). Stagsted et al.
(47) reported an ED50 of 8 nM for insulin-stimulated
PI 3-kinase activation. However, close inspection of
their data suggests that the actual value may be closer
to 4 nM. Nevertheless, this ED50 is still somewhat
larger than the ED50 of 0.83 nM derived from our
simulations. However, the measurement of PI 3-kinase
activity in anti-phosphotyrosine immunoprecipitates
derived from whole cell lysates is difficult to perform in
a quantitative manner. Thus it is possible that the
small discrepancy between our simulation results and
experimental data with respect to activation of PI3-
kinase may be explained, in part, by imprecision intro-
duced by experimental variability. Of note, the shape
and ED50 of insulin dose-response curves for insulin
receptor binding, receptor autophosphorylation, and
GLUT4 translocation almost exactly match the corre-
sponding experimentally determined dose-response
curves (Fig. 10). Thus the insulin sensitivity of key
components of our model is realistic. Moreover, given
the fact that our model structure, rate constants, and
parameters were derived from a large mixture of many
different experimental systems, this remarkable fit to
experimental data from a single system across several
key state variables suggests that the overall structure
of our model is quite robust.

Model Simulations with Feedback

To further explore the complexities of insulin signal-
ing, we simultaneously modeled positive and negative
feedback loops based on mechanisms proposed in the
literature (9, 33, 38, 39). We incorporated a positive
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feedback loop into our model by having Akt phosphor-
ylate PTP1B and impair its ability to dephosphorylate
the insulin receptor and IRS-1 (38). The slight increase
in insulin sensitivity for insulin binding and receptor
autosphosphorylation observed in our model with feed-
back was an expected result of positive feedback at the
level of the insulin receptor. That is, decreased activity
of PTPases against phosphorylated insulin receptors
results in subtle shifts in the equilibrium states for the
various receptor state variables. Similarly, we ob-
served slightly decreased sensitivity for the activated
PI 3-kinase dose-response curve derived from our
model with feedback. This is the result of positive
feedback with Akt phosphorylating PTP1B and inhib-
iting tyrosine dephosphorylation of IRS-1. In addition,
the lower equilibrium level of PI 3-kinase after maximal
insulin stimulation (which defines the parameter PI3K)
also contributes to a shift in insulin sensitivity at the
level of PI 3-kinase. Dose-response curves for transloca-
tion of surface GLUT4 derived from the model with feed-
back demonstrated greater insulin sensitivity than sim-
ulations without feedback. This was due to the combined
effects of increased sensitivity of proximal signaling ele-
ments. Remarkably, the experimental data for insulin-
stimulated glucose uptake reported by Stagsted et al. (47)
indicated an ED50 of 1.7 nM that almost exactly matched
the ED50 of 1.9 nM for cell surface GLUT4 that we
calculated from our model with feedback. In addition to
slightly increased insulin sensitivity, the half-times for
return to basal levels of all signaling elements were
longer in our simulations with feedback. These results
are consistent with experimental observations suggest-
ing that positive feedback at the level of the insulin
receptor and IRS-1 slows the return of activated signal-
ing elements to basal levels (38).

We incorporated a negative feedback loop into our
model by modeling the ability of PKC-� to phosphory-
late IRS-1 on serine residues and impair its ability to
bind and activate PI 3-kinase (39). Time courses for
insulin receptor binding and phosphorylation gener-
ated by models with and without feedback were simi-
lar. However, the overall dynamics of postreceptor sig-
naling elements in our model were quite different with
inclusion of feedback. In response to insulin stimula-
tion, we observed a transient damped oscillatory be-
havior before equilibrium was reached in all elements
of the postreceptor signaling subsystem. This oscilla-
tory behavior was a direct result of negative feedback
by PKC-�. Immediately after insulin stimulation, ef-
fects of PKC-� on upstream components are not appar-
ent because of the time lag present for distal signaling
components. As levels of phosphorylated PKC-� in-
crease (and the value of parameter [PKC] approaches
1), the rate constant for serine phosphorylation of
IRS-1 increases, resulting in depletion of the tyrosine-
phosphorylated IRS-1 pool. As biochemical reactions
within the postreceptor signaling pathway shift and
react to effects of this negative feedback, time courses
of postreceptor elements exhibit a transient oscillatory
behavior before a final equilibrium state is reached.
Although this qualitative behavior has not been re-

ported for insulin-stimulated PI 3-kinase activity, it is
possible that time courses with sufficiently fine resolu-
tion to capture this behavior have not been performed.
Intriguingly, a damped oscillatory behavior or biphasic
activation of PKC-� in response to insulin stimulation
previously has been reported in several studies (48,
50). Only our model with feedback (but not without
feedback) generated simulations for insulin-stimulated
PKC-� activity that closely matched the complex dy-
namic for PKC-� present in published experimental
data (48). Thus one novel result from our model is the
suggestion that negative feedback from PKC-� to IRS-1
may be sufficient to explain the complex dynamic be-
havior of PKC-� activity in response to insulin.

Modeling Increased Levels of PTPases

In addition to giving insight into normal physiology,
our model may also be useful for helping to understand
pathological conditions. Diabetes is a disease charac-
terized by insulin resistance that may be related, in
part, to elevated levels of protein tyrosine phospha-
tases such as PTP1B (15). We simulated a pathological
condition where activity of PTPases was 50% above
normal ([PTP] 
 1.5). Over a range of insulin doses,
this was associated with a decrease in peak cell surface
GLUT4 compared with simulations where [PTP] 
 1.
The percent decrease in peak GLUT4 was greater for
lower insulin doses, and the half-times for recovery to
basal conditions were significantly shortened by in-
creasing [PTP]. Similar effects were observed in the
models with and without feedback. Thus our model can
make specific predictions about the nature of insulin
resistance due to increased levels of PTPases such as
PTP1B. Similarly, it may be possible to explore mech-
anisms of insulin resistance due to altered lipid phos-
phatase function by manipulation of the parameters
[SHIP] and [PTEN].

In conclusion, the mathematical model of metabolic
insulin signaling pathways developed here is based on
previous subsystem models as well as new elements
characterizing the molecular mechanisms of insulin
signaling. The model structure was extensively vali-
dated and sufficient to explain qualitative behaviors
that are experimentally observed in both normal and
pathological states. In addition, our model with feed-
back suggests a potential mechanistic explanation for
the damped oscillatory behavior of PKC-� activity in
response to insulin that is observed experimentally.
Moreover, various mechanisms used to couple model
subsystems represent experimentally testable hypoth-
eses. Consequently, we hope that our model will be a
useful predictive tool for generating hypotheses to com-
plement and motivate experimental approaches. This
may lead to a better understanding of the normal
physiology of insulin action as well as the pathophysi-
ology underlying insulin resistance that contributes to
major public health problems such as diabetes and
obesity.
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APPENDIX A

Model without Feedback

State variables are as follows

x1 
 Insulin input
x2 
 Concentration of unbound surface insulin receptors
x3 
 Concentration of unphosphorylated once-bound sur-

face receptors
x4 
 Concentration of phosphorylated twice-bound surface

receptors
x5 
 Concentration of phosphorylated once-bound surface

receptors
x6 
 Concentration of unbound unphosphorylated intracel-

lular receptors
x7 
 Concentration of phosphorylated twice-bound intracel-

lular receptors
x8 
 Concentration of phosphorylated once-bound intracel-

lular receptors
x9 
 Concentration of unphosphorylated IRS-1

x10 
 Concentration of tyrosine-phosphorylated IRS-1
x11 
 Concentration of unactivated PI 3-kinase
x12 
 Concentration of tyrosine-phosphorylated IRS-1/acti-

vated PI 3-kinase complex
x13 
 Percentage of PI(3,4,5)P3 out of the total lipid popula-

tion
x14 
 Percentage of PI(4,5)P2 out of the total lipid population
x15 
 Percentage of PI(3,4)P2 out of the total lipid population
x16 
 Percentage of unactivated Akt
x17 
 Percentage of activated Akt
x18 
 Percentage of unactivated PKC-�
x19 
 Percentage of activated PKC-�
x20 
 Percentage of intracellular GLUT4
x21 
 Percentage of cell surface GLUT4

Equations are as follows

x1 
 insulin input
dx2/dt 
 k�1x3 	 k�3[PTP]x5 � k1x1x2 	 k�4x6 � k4x2

dx3/dt 
 k1x1x2 � k�1x3 � k3x3

dx4/dt 
 k2x1x5 � k�2x4 	 k�4�x7 � k4�x4

dx5/dt 
 k3x3 	 k�2x4 � k2x1x5 � k�3[PTP]x5 	 k�4�x8 �
k4�x5

dx6/dt 
 k5 � k�5x6 	 k6[PTP](x7 	 x8) 	 k4x2 � k�4x6

dx7/dt 
 k4�x4 � k�4�x7 � k6[PTP]x7

dx8/dt 
 k4�x5 � k�4�x8 � k6[PTP]x8

dx9/dt 
 k�7[PTP]x10 � k7x9(x4 	 x5)/(IRp)
dx10/dt 
 k7x9(x4 	 x5)/(IRp) 	 k�8x12 � (k�7 [PTP] 	

k8x11)x10

dx11/dt 
 k�8x12 � k8x10x11

dx12/dt 
 k8x10x11 � k�8x12

dx13/dt 
 k9x14 	 k10x15 � (k�9[PTEN] 	 k�10[SHIP])x13

dx14/dt 
 k�9[PTEN]x13 � k9x14

dx15/dt 
 k�10[SHIP]x13 � k10x15

dx16/dt 
 k�11x17 � k11x16

dx17/dt 
 k11x16 � k�11x17

dx18/dt 
 k�12x19 � k12x18

dx19/dt 
 k12x18 � k�12x19

dx20/dt 
 k�13x21 � (k13 	 k13�)x20 	 k14 � k�14x20

dx21/dt 
 (k13 	 k13�)x20 � k�13x21

Initial conditions are as follows

x1(0) 
 0
x2(0) 
 9 � 10�13 M
x3(0) 
 0
x4(0) 
 0
x5(0) 
 0

x6(0) 
 1 � 10�13 M
x7(0) 
 0
x8(0) 
 0
x9(0) 
 1 � 10�12 M

x10(0) 
 0
x11(0) 
 1 � 10�13 M
x12(0) 
 0
x13(0) 
 0.31%
x14(0) 
 99.4%
x15(0) 
 0.29%
x16(0) 
 100%
x17(0) 
 0
x18(0) 
 100%
x19(0) 
 0
x20(0) 
 96%
x21(0) 
 4%

Model parameters are as follows

k1 
 6 � 107 M�1 �min�1

k�1 
 0.20 min�1

k2 
 k1

k�2 
 100k�1

k3 
 2,500 min�1

k�3 
 k�1

k4 
 k�4/9
k�4 
 0.003 min�1

k4� 
 2.1 � 10�3 �min�1

k�4� 
 2.1 � 10�4 �min�1

k5 
 10k�5 M �min�1 if (x6 	 x7 	 x8) 
 1 � 10�13


 60k�5 M �min�1 if (x6 	 x7 	 x8) � 1 � 10�13

k�5 
 1.67 � 10�18 min�1

k6 
 0.461 min�1

k7 
 4.16 min�1

k�7 
 (2.5/7.45)k7

k8 
 k�8(5/70.775) � 1012

k�8 
 10 min�1

k9 
 (k9(stimulated) � k9(basal))(x12/PI3K) 	 k9(basal)

k9(stimulated) 
 1.39 min�1

k�9 
 (94/3.1)k9(stimulated)

k9(basal) 
 (0.31/99.4)k�9

k10 
 (3.1/2.9)k�10

k�10 
 2.77 min�1

k11 
 (0.1k�11)(x13 � 0.31)/(3.10 � 0.31)
k�11 
 10 ln (2) min�1

k12 
 (0.1k�12)(x13 � 0.31)/(3.10 � 0.31)
k�12 
 10 ln (2) min�1

k�13 
 0.167 min�1

k13 
 (4/96)k�13

k13� 
 [(40/60) � (4/96)]k�13 � (Effect)
k14 
 96k�14

k�14 
 0.001155 min�1

effect 
 (0.2x17 	 0.8x19)/(APequil)
IRp 
 8.97 � 10�13 M

[SHIP] 
 1.00
[PTEN] 
 1.00

[PTP] 
 1.00
APequil 
 100/11

PI3K 
 5 � 10�15 M

Model with Feedback

Additional state variables are as follows

x10a 
 concentration of serine-phosphorylated IRS-1
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Additional equations are as follows

dx9/dt 
 k�7[PTP]x10 � k7x9(x4 	 x5)/(IRp) 	 k�7�x10a �
k7�[PKC]x9 (updated)

dx10a/dt 
 k7[PKC]x9 � k�7�x10a

Additional initial conditions are as follows

x10a(0) 
 0

Additional parameters are as follows

k7� 
 ln (2)/2 min�1

k�7� 
 k7� [(2.5/7.45)(3.70 � 10�13)]/[(6.27 � 10�13)�
(2.5/7.45)(3.70 � 10�13)]

[PTP] 
 1.00 [1 � 0.25(x17/(100/11)] for x17 � (400/11),
otherwise [PTP] 
 0 (updated)

PI3K 
 k8(3.70 � 10�13)(1 � 10�13)/[k8(3.70 � 10�13) 	
k�8] (updated)

[PKC] 
 Vmaxx19(t � �)n/[Kd
n 	 x19(t � �)n]

Vmax 
 20
Kd 
 12

n 
 4
� 
 1.5

APPENDIX B

Initial Conditions, Rate Constants, and Parameter Choice
for Complete Model without Feedback

Where possible, initial conditions and model parameters
were determined by known boundary value conditions or
experimental data as previously described (35–37, 57). Table
1 lists initial conditions for the basal state (no insulin) of
state variables obtained from previous models. Initial condi-
tions for x4, x5, x7, and x8 were set to zero because, in the
absence of insulin, we assumed that no receptors are bound
to insulin. Similarly, initial basal conditions for phosphory-
lated IRS-1, phosphorylated IRS-1/activated PI 3-kinase
complex, and phosphorylated Akt and PKC-� (x10, x12, x17,
and x19) were set to zero. The initial concentration for un-
phosphorylated IRS-1 (x9) was set to 10�12 M on the basis of
experimental results from 3T3-L1 adipocytes (21, 29). From
published concentrations of purified PI 3-kinase obtained
from rat liver and an estimate of the efficiency of purification
(4, 25), we set the basal intracellular PI 3-kinase concentra-
tion (x11) at 10�13 M. Under basal conditions, the percentage
distribution of PI(3,4,5)P3 (x13), PI(4,5)P2 (x14), and PI(3,4)P2

(x15) in COS- 7 cells is 0.31, 99.4, and 0.29%, respectively, of
the total pool (23). Therefore, we used these values for the
initial basal conditions of x13, x14, and x15. We assumed that
neither Akt nor PKC-� is in the phosphorylated, activated
state under basal conditions. Thus we set initial conditions
for unphosphorylated Akt (x16) and unphosphorylated PKC-�
(x18) equal to 100% of the amount of these proteins in the cell.
We represented these state variables in terms of percentages

because we could not find published estimates of cellular
concentrations for either Akt or PKC-�.

Table 2 lists values for rate constants obtained from pre-
vious subsystem models. For the rate constant for insulin
receptor autophosphorylation (k3), we chose a value of 2,500
min�1 that was determined experimentally in vitro (1). This
is consistent with the rapid autophosphorylation of insulin
receptors in intact cells (44, 58, 59). For the rate constant
governing receptor dephosphorylation (k�3), we assumed
that release of insulin from the insulin receptor was rate
limiting and that receptors were immediately dephosphory-
lated once they returned to the basal unoccupied state (11,
30, 31, 44). Therefore, we chose k�3 
 k�1. The rate constant
for phosphorylated receptor endocytosis (k4�) was chosen to
be 2.1 � 10�3 min�1. This is the value used for the endocy-
tosis rate constant for bound insulin receptors in our previ-
ous model (36). Because the rate of ligand-mediated endocy-
tosis exceeds the rate for exocytosis, we chose a ratio of
endocytosis and exocytosis rate constants for phosphorylated
receptors of 10:1 so that k�4� 
 2.1 � 10�4 min�1. When
phosphorylated receptors are internalized, insulin dissoci-
ates and receptors undergo rapid dephosphorylation. The
half-time for internalized receptor dephosphorylation (after
maximal phosphorylation by insulin stimulation) is �1.5 min
in rat liver endosomes (11). For a first-order rate constant

k � �ln �2��/�t1⁄2� (B32)

Therefore, assuming half-time (t1/2) 
 1.5 min for internal-
ized receptor dephosphorylation, the rate constant for intra-
cellular receptor dephosphorylation (k6) is 0.461 min�1.

For reactions in the postreceptor signaling subsystem, the
choice of rate constants was based on experimental data
where possible. To further limit the number of free parame-
ters, we also used published data to derive fixed relationships
among various rate constants. On maximal insulin stimula-
tion, most IRS-1 is tyrosine phosphorylated (52) with a half-
time of �10 s in 3T3-L1 adipocytes (29). Under these condi-
tions, �5% of PI 3-kinase is activated in Fao cells (16). By
using initial conditions described in APPENDIX A for the basal
state and assuming that 75% of all IRS-1 becomes tyrosine
phosphorylated with maximal insulin stimulation, equilib-
rium values for x9 through x12 after maximal insulin stimu-
lation will be x9 
 2.5 � 10�13 M, x10 
 7.45 � 10�13 M, x11 

9.5 � 10�14 M, and x12 
 5.0 � 10�15 M. By assuming the

Table 1. Initial conditions obtained from previously
validated subsystem models

Subsystem Model Initial Conditions

Insulin binding kinetics (57) x2 (0) 
 9 � 10�13 M
x3 (0) 
 0 M

Insulin receptor recycling (36) x6 (0) 
 1 � 10�13 M
GLUT4 translocation (35, 37) x20 (0) 
 96%

x21 (0) 
 4%

Nos. in parentheses refer to references.

Table 2. Rate constants obtained from previously
validated subsystem models

Subsystem Model Rate Constants

Insulin binding
kinetics (57)

k1 
 6 � 107 M�1 �min�1

k�1 
 0.20 min�1

k2 
 k1

k�2 
 100k�1

Insulin receptor
recycling (36)

k4 
 0.003 min�1

k�4 
 k4/9
k5 
 10k�5 M�1 �min�1 if (x6 	 x7 	 x8) 
 1

� 10�13


 60k�5 M�1 �min�1 if (x6 	 x7 	 x8) � 1
� 10�13

k�5 
 1.67 � 10�18 min�1

GLUT4
translocation
(35, 37)

k�13 
 0.167 min�1

k14 
 96k�14 M�1 �min�1

k�14 
 0.001155 min�1
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half-time for maximal IRS-1 phosphorylation to be 10 s, k7 

4.16 min�1 (using Eq. 32). Under normal physiological con-
ditions, where PTP 
 1, Eq. 14 can be simplified and rear-
ranged as k�7 
 (x9 /x10)k7 in the equilibrium state after
maximal insulin stimulation. Thus, under conditions of max-
imal insulin stimulation, k�7 
 (2.5/7.45)k7. Reassuringly,
these values for k7 and k�7 are consistent with the time
course for IRS-1 phosphorylation and dephosphorylation ob-
served in rat adipose cells (24). Similarly, at equilibrium,
Eqs. 16 and 17 can be simplified and rearranged as k8 

x12/(x10 x11)k�8. Because we were unable to find data on rates
for association or dissociation of IRS-1 with PI 3-kinase, we
chose k�8 
 10 min�1 to be consistent with the scale of other
rate constants in the postreceptor signaling subsystem.
Thus, at maximal insulin stimulation, we constrained k8 

(50/70.775) � 1012 M�1 �min�1.

On the basis of data from 3T3-L1 cells, we assumed that
levels for both PI(3,4,5)P3 and PI(3,4)P2 rise 10-fold after
maximal insulin stimulation (22, 46), resulting in a new
equilibrium distribution of 3.1, 94, and 2.9% for PI(3,4,5)P3,
PI(4,5)P2, and PI(3,4)P2, respectively. Because insulin-stim-
ulated conversion of PI(4,5)P2 to PI(3,4,5)P3 is mediated by
the phosphorylated IRS-1/activated PI 3-kinase complex,
there is an increase in the rate constant governing this
process (k9) with insulin stimulation. We represented the
transition in k9 from the basal value [k9 (basal)] to the insulin-
stimulated value [k9 (stimulated)] as a linear function of acti-
vated PI 3-kinase present in the cell

k9 � �k9�stimulated� � k9�basal���x12 /PI3K� � k9�basal� (B33)

where PI3K is the equilibrium concentration of activated
PI 3-kinase obtained after maximal insulin stimulation.
Data from 3T3-L1 preadipocytes suggest that conversion of
PI(4,5)P2 to PI(3,4,5)P3 in response to insulin stimulation
occurs with a half-time of �30 s (when a time lag from
upstream signaling events is considered) (46). Assuming a
30-s half-time for conversion of PI(4,5)P2 to PI(3,4,5)P2 and
using Eq. 32, we calculated k9 (stimulated) 
 1.39 min�1. For
both basal and insulin-stimulated equilibrium states, Eq. 19
can be simplified and rearranged to show that k9 
 (x13/
x14)k�9 (under normal physiological conditions, where
PTEN 
 1). Therefore, k�9 and k9 (basal) can be constrained:
k�9 
 (94/3.1)k9 (stimulated) and k9 (basal) 
 (0.31/99.4)k�9.
Similarly, data from 3T3-L1 preadipocytes suggest that con-
version of PI(3,4,5)P3 to PI(3,4)P2 occurs with a half-time of
�15 s (46). By assuming a 15-s half-time for conversion of
PI(3,4,5)P3 to PI(3,4)P2, k�10 
 2.77 min�1. For both basal
and insulin-stimulated equilibrium states, Eq. 20 can be
simplified to constrain k10 
 (3.1/2.9)k�10 (under normal
physiological conditions, where SHIP 
 1).

To define kinetic rate constants for activation and deacti-
vation of Akt and PKC-�, we used data from rat skeletal
muscle cells and rat adipocytes showing that PKC-� and Akt
are both activated by insulin at approximately the same rate
and that both enzymes reach maximal activation within 5
min of insulin stimulation (48, 55). There are no published
data on the time course of activation in intact cells for Akt or
PKC-� by their immediate signaling precursors. However,
experimental data suggest that after taking into account the
time lag between insulin binding and generation of
PI(3,4,5)P3, the induced activation of Akt and PKC-� proba-
bly occurs within 2 min (50, 56). Thus we chose rate con-
stants for Akt and PKC-� activation, k11 and k12, to be the
same and also assumed that the half-time for maximal Akt
and PKC-� activation was 1 min. Thus, by using Eq. 32, k11 

k12 
 [ln(2)] min�1 at equilibrium after maximal insulin
stimulation.

Because many other growth factors can activate Akt and
PKC-� simultaneously (19, 28), we assumed that with maxi-
mal insulin stimulation, both Akt and PKC-� exist in a 10:1
unactivated-to-activated distribution at equilibrium. There-
fore, from Eqs. 21–24, we can constrain k�11 
 10k11 

10 ln(2) and k�12 
 10k12 
 10 ln(2). Because PI(3,4,5)P3

formation mediates Akt and PKC-� activation (50, 56), we
assumed that rate constants for activation of both Akt and
PKC-� increase from zero to their maximal values as a linear
function of the increase in PI(3,4,5)P3 levels

k11 � �0.1k � 11��x13 � 0.31�/�3.10 � 0.31� (B34)

k12 � �0.1k � 12��x13 � 0.31�/�3.10 � 0.31� (B35)

where 0.31 is the basal value of PI(3,4,5)P3 and 3.10 is the
value of PI(3,4,5)P3 in the cell after maximal insulin stimu-
lation. The values used for k�13, k14, and k�14 were previ-
ously defined for the GLUT4 translocation subsystem (Table
2), and the values for k13 and k13� can be derived from this
information using Eqs. 28 and 29.

The parameter [PTP] was defined as the relative activity of
protein tyrosine phosphatases in the cell. Thus [PTP] 
 1
under normal physiological conditions, whereas pathological
variations in PTPase activity can be represented by altering
[PTP]. Similarly, model parameters [SHIP] and [PTEN] were
defined as the relative activity of 5� and 3� lipid phospha-
tases, respectively, in the cell ([SHIP] 
 1 and [PTEN] 
 1
under normal conditions). The value for IRp (used in Eqs. 14
and 15) was determined to be 8.97 � 10�13 M, based on
calculations using equilibrium conditions obtained during
maximal insulin stimulation for Eqs. 6–13 and assuming
that receptor downregulation is negligible during acute insu-
lin stimulation. The value for APequil (used in Eq. 29) was
determined to be 100/11 (based on a 10:1 unactivated-to-
activated distribution of both Akt and PKC-�). The value for
PI3K (used in Eq. B33) was chosen as 5 � 10�15 M based on
experimental data indicating that �5% of PI 3-kinase is
activated on maximal insulin stimulation (16).

Additional Initial Conditions, Rate Constants, and
Parameter Choice for Complete Model with Feedback

We assume that there is no serine phosphorylation of
IRS-1 in the absence of insulin stimulation. Therefore, we
chose the initial value of x10a 
 0. In NIH-3T3IR cells, the
phosphotyrosine content of IRS-1 after maximal insulin stim-
ulation decreases by �50% at 60 min (39). Thus, with inclu-
sion of this negative feedback circuit, we chose the insulin-
stimulated equilibrium value of x10 
 3.7 � 10�13 M to reflect
this 50% decrease. With the use of steady-state conditions for
Eq. 17 and initial conditions x11 	 x12 
 1 � 10�13 M, the
insulin-stimulated equilibrium level for x12 was calculated to
be k8(3.70 � 10�13)(1 � 10�13)/[k8(3.70 � 10�13) 	 k�8] 

2.54 � 10�15 M. Because the total amount of IRS-1 is con-
stant (x9 	 x10 	 x10a 	 x12), the insulin-stimulated equilib-
rium level of x9 	 x10a 
 6.27 � 10�13 M. Values for k7, k�7,
k8, and k�8 remained the same as for the model without
feedback. We assumed the half-time for IRS-1 serine phos-
phorylation was 2 min. From Eq. B32, we calculated k7� 

ln(2)/2 min�1. With the use of the parameter constraints and
derived equilibrium concentrations described in APPENDIX A as
well as Eqs. 30 and 31, k�7� 
 k7�[(2.5/7.45)(3.70 � 10�13)]/
[(6.27 � 10�13) � (2.5/7.45)(3.70 � 10�13)] at equilibrium
after maximal insulin stimulation. Finally, to properly incor-
porate this negative feedback loop into our model, the factor
PI3K from Eq. B33 was redefined as 2.54 � 10�15 M, the
insulin-stimulated equilibrium value of x12 calculated. This
change was necessary to satisfy all of the constraints im-
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posed by the new equilibrium after maximal insulin stimu-
lation. Consistent with the 50% decrease in phosphotyrosine
content of IRS-1 described above, this new value for PI3K is
approximately one-half of that derived for the model without
feedback. We chose values for Vmax, Kd, n, and � that seemed
moderate and reasonable for introducing a time delay on the
order of a few minutes. By altering these parameters, it is
possible to generate behavior that ranges from biphasic
changes in activity of PKC-� to sustained oscillations (data
not shown). At present, there are no experimental data avail-
able to further refine these parameter choices.
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tutes of Health Biomedical Engineering Summer Internship Pro-
gram (A. R. Sedaghat) and an American Diabetes Association Stu-
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