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Application: Materials design

Materials design — exploring the space of plausible microstructures
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Ex: Two-component fluid mixtures that undergo a phase separation:
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Application: Materials design

However, simulations are themselves extremely slow and costly.

Ex: Two-component fluid mixtures that undergo a phase separation:

. Are there alternatives to numerically solving PDEs?
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Inverse problems

Canonical challenge in machine learning, scientific computing,
engineering design

Parameters H Forward model H Observations }

y = A(z) + noise.

A: given by nature, or manually designed

Goal: Given y and (possibly) A, recover an estimate of x.
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Inverse problems

Canonical challenge in machine learning, scientific computing,
engineering design

‘ Parametersl| }—>‘ Forward model H Observations }

Imaging / CV Systems, design, prediction

e Imaging

System identification

e (De)compression

Inverse design

e Confocal microscopy

Prognostics
e MRI/CT e NDE
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Classical approach

Estimation typically ill-posed; additional information / priors necessary

Estimation typically posed in terms of (constrained) optimization:

# = min F(ely, A)

st. z€S

S denotes hypothesis class (prior) for “true” x:

Bounded total variation

Smoothness
RKHS

e Sparsity in a basis/dictionary (synthesis, analysis, . ..)
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Neural Priors

Given training data samples, learn a neural generative prior as the

hypothesis class

Example prior: Generative Adversarial Networks (GANSs)

[Goodfellow et al, 2014]
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z: random variable; G(z) is a convolutional neural network (CNN) that

models the distribution of S
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[Brock, Donahue, Simonyan, 2018]
BigGAN, dim(z) = 32, = G(z), dim(z) = 2562



Promise of GANs

[Brock, Donahue, Simonyan, 2018]
BigGAN, dim(z) = 32, x = G(z), dim(z) = 2562
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Using neural priors to solve PDEs

Intuition: Think of solving a PDE as a (non)linear mapping from one
space (parameters/boundary conditions) to another space (domain)

Why this is possible: Neural networks can approximate arbitrary high
dimensional maps if architecture sufficiently wide/deep

[Cybenko '89], [Funahashi '89], [Hornik et al '89], [Kurkova '92]

More recent developments: Refinements to reasonable width but
(very) deep networks

[Lu et al, '17], [Hardt-Ma '17], [Lin-Jegelka '18]

Our approach: Train neural networks that can solve PDEs

But not in the standard way..
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Learning based solutions to PDEs

Known physics Unknown physics

Less data Lots of data i

[Raissi, Perdikaris, Karniadakis 2018]

[Yang, Zhang, Karniadakis 2018]

[Lu, Meng, Mao, Karniadakis 2019]

[Zhou, Zabaras, Koutsourelakis, Perdikaris 2019]

and many others . ..
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DiffNets: Formulation

Hybrid neural prior that combines data and physics
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DiffNets: Formulation

Hybrid neural prior that combines data and physics

Lean(W, ¥) = Eyinpy,, [9(Dy(2'))] + Eonp, [#(—Du(2))]

Optimizing the min-max two-player game:

min max L + L
LRI GAN T HLiny
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Example: Elliptic PDEs

Assume a stochastic elliptic PDE of the form:

Au) = f+¢,
Example:

V(KoV(u))=f+¢, (Stochastic heat equation).
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Example: Elliptic PDEs

Assume a stochastic elliptic PDE of the form:
Au) = f+¢,
Example:
V(K oV(u))=f+¢&, (Stochastic heat equation).

Discretize (using finite differences):

2
Vu =~ e (Wim1,j + Wit1,5 + Ui j—1 + Ui j41 — dU; 5)

This gives a linear system of equations (assuming period BC):

(I = Po)Au= (I — Po)f +¢,
PQU = PQb
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DiffNet: Elliptic PDEs

Periodic boundary conditions

True soln U, (discretized) Generated soln Uy True soln U; (discratized) Generated soln Uy

Uy - U Rel. 1; ermor. 0045441 U — U rel. {3 error- 0 073647
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Upshot: comparable accuracy as numerical solvers; solution for new

boundary conditions only requires a forward pass through the generator
CNN.
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Theory: Linear PDEs

We can explicitly write down the solution space as:
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Theory: Linear PDEs

We can explicitly write down the solution space as:

+ z
0
T

where z is normally distributed with covariance A~1Pq. ACDT

Ailpgcf
Pob

u =

Setup:

e We do not know the form of the PDE (i.e., A is not known), but
have access to training data sampled from distribution of w.

e We enforce boundary conditions as invariances

e Noise is gaussian
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Theory: Linear PDEs

Generator: z — Oz + \; Discriminator: = — z7 Pqe U Pqex:

Solve: miny maxy Lean + pEq~ayy (A) || Po(u — b)||§
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Theory: Linear PDEs

Generator: z — Oz + \; Discriminator: = — z7 Pqe U Pqex:

Solve: miny maxy Lean + pEy~qyy, (Al Po(u — b)||§

Theorem: At Nash equilibrium, we get:
\I/Qc = O,

Qg =0,
©qe0L. = A1 Po-A7L.

In other words: the generator

e provably learns unknown dynamics (inverse of A) up to rotation

e provably enforces known constraints (boundary conditions)
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Solving nonlinear PDEs

Example: (In)viscid Burgers Equation
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Us—g = 1 — cos
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Solving nonlinear PDEs

Example: (In)viscid Burgers Equation

ou
2

—+u-Vu=(v+&Vu,

ot

1 2wcx
Ug—g = 1 — cos
L
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Solving nonlinear PDEs

Example: (In)viscid Burgers Equation

ou 9
—+u-Vu=(v+&Vu,
ot
2mex
Us—g = 1 — cos i
v=20.0 v=20.0 v =0.001 v = 0.002 v = 0.005
c=20 c=40 c=45 c=45 c=40
— .
R__ -* 0.8
— — 056
i -
- 0.5
t— t— t— t— t— 0.4
o] ive 0.3
Relative 0073 0.095 0.147 0117 0.071
{3 error 0.2

Upshot: Far quicker solutions (about 1500X speedup) than standard
numerical solvers; effective surrogate in lieu of solving stochastic PDEs
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Physics-aware conditional generative models

Going beyond PDEs: instead of enforcing PDE constraints, one can use
other prior information (statistics, geometry, etc)
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Physics-aware conditional generative models

Going beyond PDEs: instead of enforcing PDE constraints, one can use
other prior information (statistics, geometry, etc)

e Example invariance: mass fraction; o = E,z(r)
e Example invariance: 2-point correlation; 5(r) = E;, r,x(r1)z(rz2)
e Example invariance: connectivity or shape information

Model: Invariance Network (InvNet). Same as above, but enforce
above properties.

[Singh, Shah, G., Sarkar, H, NeurlPS WS 2018]
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InvNets: Results

3%

Invariance: P1 (volume

fraction) .
A b o [ S =
Desired: 0.42 Desired: 0.52 Desired: 0.61 Desired: 0.72
Actual: 0.45 Actual: 0.55 Actual: 0.64 Actual: 0.72
Fw
Invariance: 2 point
correlation distance (in
pixels)
- -

Desired: 23 pix Desired: 33 pix Desired: 42 pix Desired: 50 pix

Actual: 25 pix Actual: 31 pix Actual: 42 pix Actual: 48 pix
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InvNets: Results

A
w AT

Invariance: P1 (volume
fraction)

Desired: 0.42 Desired: 0.52
Actual: 0.45 Actual: 0.55
Invariance: 2 point
correlation distance (in
pixels)
-

Desired: 23 pix
Actual: 25 pix

Desired: 33 pix
Actual: 31 pix

-
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Desired: 0.61 Desired: 0.72
Actual: 0.64 Actual: 0.72

o 1

Desired: 42 pix
Actual: 42 pix

Desired: 50 pix
Actual: 48 pix

Upshot: Far quicker microstructure reconstruction (nearly 15600X

speedup in amortized time)
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This talk: Solving PDEs using neural networks. ]

e Conditional generative models

e Wide Applicability

e (Preliminary) Theoretical guarantees
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This talk: Solving PDEs using neural networks. ]

e Conditional generative models

Allow for user tuning of inputs/boundary conditions
e Wide Applicability

Works for linear, non-linear PDEs

e (Preliminary) Theoretical guarantees
Nash equilibrium provably learns the inverse

Open problems:

Properly modeling grid mismatch (ideas from multi-scale modeling?)
Faster training (ideas from PDE pre-conditioning?)

Limited samples (ideas from transfer learning?)

Guarantees (ideas from optimization and statistics?)
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Funded by the DARPA AIE (AIRA) Program; Dec 2018 - present.

e Baskar Ganapathysubramanian, Soumik Sarkar (ISU)
e Daniel Sparkman (AFRL)
e Payel Das, Youssef Mroueh (IBM)

Singh, Shah, Pokuri, Sarkar, G., H, " Physics-aware Deep Generative Models for
Creating Synthetic Microstructures”, Dec 2018

Shah, Joshi, Ghoshal, Pokuri, Sarkar, G., H, "Encoding Invariances in Deep
Generative Models”, June 2019

Joshi, Cho, Pokuri, Sarkar, G., H, "InvNet: Incorporating Statistical and
Geometric Invariances in Generative Models”, Sept 2019

Joshi, Shah, Sarkar, G., H, " Generative Models for Solving Partial Differential
Equations”, Dec 2019



