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Current capability:




Feed-forward Neural Networks

Y
Jout = U<Z wifi(;) + b) O/CZQ)%)\O
Common choice of nonlinearity: W

UReLU(Z) = max((), :1:)




Convolutional Neural Networks

\
i
0
e
i.

|

...

.
)

y

;
A\

il
e
e

AN
'%%%Qy,m'a A

\

)

'

|

0

N

|

\

!

W

\

y

Y NN

f
i

I
....

{

\
!

'
|

)

i

y

i

| ...
\

|

|

\

NN

\

y

...

|

\
)
i.

\

W
A
i.

|

M
)
il
W
......
I

Filter at layer ¢



Convolutional Neural Networks
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[LeCun et al, 1989; Krizhevsky, Sutskever & Hinton, 2012]
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Neural networks

1. Multiscale structure
2. Equivariance



Multiscale structure
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Multiscale structure
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[Cohen & Welling: Group equivariant CNNs (ICML 2016)]



Equivariance (covariance)

[Cohen & Welling: Steerable CNNs (ICLR 2017)]






1. What is the analog of convolution
for molecular graphse

Covariant Compositional Networks
[Hy, Trivedi, Pan, Anderson & K, JCP 18]



Covariant Compositional Networks (CCNs)

1. Multiscale structure

F— p(o)F




Message passing neural networks (MPNNs)

ft=e(W Y £ +0)

JEN (1)

fi

[Gilmer et al, "17] [Kriege, '16] [Niepert, '16] [Duvenaud et al., '15]
[Dai, Dai & Song, '10]



Multiscale structure in graphs

N




Multiscale structure and covariance in graphs

[Son, Trivedi, Pan, Anderson & K: Predicting molecular
properties with covariant compositional networks (JCP 2018)]



Permutation covariant activations

How does a given activation transform when its receptive field is subjected to a
permutation o ?

Scalar activation Vector activation Matrix activation

(Oth PR . S T Y Y AV, B R [ . S B § [0 . _] -.-.I-r. Covariant)
General tensor activation

(kth order covariant)
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Permutation covariant operations:

1. Projections 2. Diagonals 3. Contractions




Permutation covariant operations:

4. Hadamard products 5. Stacking

F5 B

_ 7(k)
zgk — ’ij:BijJ Oi,j,k T AZ,]

6. Tensor products

i

Cijx = AijBr




Second order vertex aggregation




Harvard Clean Energy Project results

Method Train MAE | Train RMSE | Test MAE | Test RMSE
Lasso 0.863 1.190 0.867 1.437
Ridge Regression 0.849 1.164 0.854 1.376
Random Forest 0.999 1.331 1.004 1.799
Gradient Boosted Tree 0.676 0.939 0.704 1.005
Weisfeiler-Lehman Graph Kernel 0.805 1.111 0.805 1.096
Neural Graph Fingerprint 0.848 1.187 0.851 1.177
Learning Convolution Neural Network 0.704 0.972 0.718 0.973
CCN 2D 0.562 0.773 0.570 0.773

[Duvenaud et al., 2015] [Kriege, 2016] [Niepert, 20106]
[Hachmann et al., 2011]




QM9 results

WLGK | NGF | PSCN | CCN 2D
o (Bohr?) 3.75 3.51 | 1.63 1.30
C, (cal/(molK))| 2.39 1.91 | 1.09 0.93
G (eV) 4.84 4.36 | 3.13 2.75
GAP (eV) 0.92 0.86 | 0.77 0.69
H (eV) 5.45 492 | 3.56 3.14
HOMO (eV) 0.38 0.34 | 0.30 0.23
LUMO (eV) 0.89 0.82 | 0.75 0.67
1 (Debye) 1.03 0.94 | 0.81 0.72
wi (cm™) 192.16 | 168.14 | 152.13 | 120.10
R> (Bohr?) 154.25 | 137.43 | 61.70 53.28
U (eV) 5.41 4.89 | 3.54 3.02
Up (eV) 5.36 4.85 | 3.50 2.99
ZPVE (eV) 0.51 0.45 | 0.38 0.35

[Hy et al, JCP 18]



2. General theory of equivariant
neural networks



Theorem:

A feed-forward neural network is equivariant to the action of a
compact group ( if and only if the linear operation in each
layer is of the form

Ge(fr—1) = fo—1 * ge.

where *x denotes the generalization of convolution to
compact groups, defined
W= [ ) o) du(w

[K and Trivedi: On the generalization of convolution... (ICML 2018)]




Convolution on groups

(f*x)(p) = f(p) - X(p) ~__
matrix multiplication




Fourier space neural networks

1. Each node in the graph is a neuron 1
and its activation f; is covariant to
the action of (.

2. Each activation Ji is stored in
Fourier space.

[Reisert & Burkhardt, 2019] [Masci et al, 2015] [Cohen & Welling, 2016]
[Thomas et al, 2018] [Weller et al, 2018] [Esteves, Allen-Blanchette, Makadia,
Daniilidis, 2017] [Cohen, Weiler, Kicanaoglu & Welling, 2019] [Cohen, Geiger,
Weller, 2018]
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Decomposabillity
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Fourier space nonlinearities

Pointwise nonlinearities:

h(u) = ReLU(f(u)) h(u—t) = ReLU(f(u —t))

In Fourier space:

h(u) = (f(u))? W) = [ Fk =) ) ar



The Clebsch-Gordan product

The tensor product of two irreducible representations of a
compact group (G decomposes into irreducibles in the form

p1(9) ® p2(9) =D EP Cr, - pelg) - (C1)T




Clebsch-Gordan nonlinearities

~




Clebsch-Gordan nonlinearities

k(p)

i) © Bl = o [ DD 0L




3. Cormorant networks for learning force
fields

Brandon Hy Trong
Anderson Son



Compositional structure







woutT Yout = O (Z W; * X)

/CD\‘\ Vout = 0 (Z Yy * XE)
1 A ;

But what form should the nonlinearity take?



The Clebsch-Gordan product

The tensor product of two irreducible representations of a
compact group (G decomposes into irreducibles in the form

p1(9) ® p2(9) =D EP Cr, - pelg) - (C1)T




Clebsch-Gordan gates

General form of aggregation:

9 = o (W D (rs — 1) @ 1) ")

(
The nonlinearity is a low order Clebsch-Gordan product

V) = pg) )

[“Tensor Field Networks” by Thomas et al., 2018] [*Clebsch-Gordan networks”,
K., Trivedi & Zhen , 2018] ['3D steerable CNNs”, Weiler et al., 2018]



Physical inferactions

Monopole:

1
Vo = — dA4B
47’(’60 ‘TABl
Dipole:
Vo, — 1 Mo Hp 3 (g TaB)(p - TAB)
Teo ‘TAB| ’rABl
Quadropole:
V40
a/q & A75 [1 - 5COS?4 —5cos® 0 — 15 cos® B4 cos® O+

B Z47?60 |rAB\5
2(4cos040p — sinfasinfp cos(pa — ¢p))?*]

[Thomas et al: Tensor Field Networks (2018)]



The Cormorant architecture

J

n Crmax 2
Y:( )(I_“jj') = @, Fh(ri) Y (E550),

[Anderson, Son & K: Cormorant (2019)]



MD-17 results (kcal/mol)

NBody50k
Aspirin *0.103
Benzene *0.035
Ethanol *0.029

Malonaldehyde *0.056
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QM9 results

alpha (bohr3)
Cv (cal/molK)
gap (eV)

homo (ev)
lumo (eV)

mu (D)
omegal (cm-1)
U0 (eVv)

zpve (meV)

us

*0.100

*0.031

*0.061

*0.036

*0.032

0.046

3.229

0.028

0.004

SchNett

0.235

0.033

0.063

0.041

0.034

*0.033

*0.014

1.700

googlel
0.161
0.084
0.088
0.057
0.063
0.247
6.220
0.042

0.004

google2
0.232
0.097
0.087
0.055
0.062
0.101
4.760
0.150

0.010

googleML
0.175
0.044
0.107
0.066
0.084
0.334
*2.710
0.025

*0.002



4. Implementation



Memory Controller Memory Controller

Raster Engine
Raster Engine
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PCI Express 3.0 Host Interface
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PyTorch N-body

GraphFlow
Custom C++ based deep General purpose CG
learning library operations, extensive

R

&

/ functionality
—Q

v

PyTorch CCN

S . ) L
» \")
Simple Pythonic / : </
implementation \
FastCG

Highly optimized GPU-
GCCN bound CG library

Production level code with GUI
and GPU packs
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GPU friendly storage

Band offsets

Nfragments
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TPprogram CGproduct (){

TPpartO0 (1=0)[0m (n=1){
input (0,0);

}

TPpartl (1=1) (n=1){
input (0,1);

}

TPpart2 (1=0) (n=1){
input (1,0);

}

TPpart3 (1=1) (n=1){
input (1,1);

}

TPpart4d (1=0) (n=1){
input (2,0);

}

TPpart5 (1=1) (n=1){
input (2,1);

}

TPpart6 (1=0) (n=2){
CG(2,4)[0];
CG(3,5)[1];

}

TPpart7 (1=1) (n=3){
CG(2,5)[0];
CG(3,4)[1];
CG(3,5)[2];

}

TPpart8 (1=2) (n=1){
CG(3,5)[0];

}

TPpart9 (1=0) (n=5){
output (0) ;
CG(0,6)[0];
CG(1,7)[2];

}

TPpart10 (1=1) (n=9){
output (1) ;
CG(0,7)[0];
CG(1,6)[3];
CG(1,7)[5];
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SPprogram TensorPower3 ()

Snode0 () () (1=0) (O0x1){
input (0) ;

}

Snodel () (O (1=1) (2x1){
input (1) ;

}

Snode2 (1,1) () (1=2) (1x1) weave (0){
(1,1) [0];

}

Snode3 (1,1) () (1=1) (1x1) weave (0){
(1,1) [0];

}

Snoded4 (1,1) () (1=0) (1x1) weave (0){
(1,1) [0];

}

Snode5 (1,1) ((0,1)) (1=2) (2x1) weave(1){
(1,1) [0];

}

Snode6 (1,1) ((0,1)) (1=0) (2x1) weave(1){
(1,1) [0];

}

Snode7 (1,1,1) ((1,2)) (1=3) (1x1) weave(2){
(1,5) [0];

}

Snode8 (1,1,1) ((1,2)) (1=2) (1x1) weave(2){
(1,5)[0];

}

Snode9 (1,1,1) ((1,2)) (1=1) (1x2) weave(2){
(1,5)[0];
(1,6)[1];

}



Memory Controller Memory Controller

Raster Engine
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{e1,e2,e3,eq} {e1, ez, ez, eq} {e1,e2,e3,eq} {e1,e2,e3,e4}

{e2,e3,e4} {e1,e2,eq} {e2,e3,eq} {e1,e2,e4} {e2,e3,e4} {e1,e2,eq} {ez2,e3,e4} {e1,e2,eq}

omputation

raph

{e1} {e2} {e3} {eq} {e1} {e2} {e3} {ea} {e1} {e2} {e3} {eq} {e1} {e2} {e3} {eq}
TPprogram  CGproduct (){ TPprogram  CGproduct (){ TPprogram CGproduct (){ TPprogram  CGproduct (){
TPpart0 (1=0)[0m (n=1){ TPpart0 (1=0) [0m (n=1){ TPpart0 (1=0)[0m (n=1){ TPpart0 (1=0)[0m (n=1){
input (0,0); input (0,0); input (0,0); input (0,0);
¥ ¥ ¥ ¥
TPparti (1=1) (n=1){ TPpartl (1=1) (a=1){ TPpartl (1=1) (n=1){ TPpartl (1=1) (n=1){
input (0,1); input (0,1); input (0,1); input (0,1);
3 ¥ ¥
TPpart2 (1=0) (n=1){ TPpart2 (1=0) (n=1){ TPpart2 (1=0) (n=1){ TPpart2 (1=0) (n=1){
input (1,0); input (1,0); input (1,0); input (1,0);
¥ 3 ¥ ¥
TPpart3 (1=1) (n=1){ TPpart3 (1=1) (a=1){ TPpart3 (1=1) (n=1){ TPpart3 (1=1) (n=1){
eCO e input (1,1); input (1,1); input(1,1); input (1,1);
b ¥ ¥ ¥
TPpart4 (1=0) (n=1){ TPpart4 (1=0) (n=1){ TPpartd (1=0) (n=1){ TPpart4 (1=0) (n=1){
input(2,0); input (2,0); input (2,0); input(2,0);
¥ ¥ 3 ¥
TPparts (1=1) (n=1){ TPparts (1=1) (n=1){ TPpart5 (1=1) (n=1){ TPparts (1=1) (n=1){
input(2,1); input (2,1); input (2,1); input(2,1);
¥
TPpart6 (1=0) (n=2){ TPpart6 (1=0) (n=2){ TPpart6 (1=0) (n=2){ TPpart6 (1=0) (n=2){
C6(2,4)[0]; CG6(2,4)[0]; €6 (2,4)[0]; CG(2,4) [0];
€6 (3,5)[1]; €G(3,5)[1]; CG(3,5)[1]; €G(3,85)[1];
X 3 ¥ ¥
TPpart7 (1=1) (n=3){ TPpart7 (1=1) (n=3){ TPpart7 (1=1) (n=3){ TPpart7 (1=1) (n=3){
€6 (2,85)[0]; €6 (2,85)[0]; cG(2,5)[0]; €6 (2,85)[0];
CG(3,4)[1]; CG(3,4) [1]; CG(3,4)[1]; CG(3,4)[1];
C6(3,5)[2]; CG6(3,5)[2]; €6 (3,5) [2]; CG(3,5)[2];
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TPprogram CGproduct (){

TPpartO0 (1=0)[0m (n=1){
input (0,0);

}

TPpartl (1=1) (n=1){
input (0,1);

}

TPpart2 (1=0) (n=1){
input (1,0);

}

TPpart3 (1=1) (n=1){
input (1,1);

}

TPpart4d (1=0) (n=1){
input (2,0);

}

TPpart5 (1=1) (n=1){
input (2,1);

}

TPpart6 (1=0) (n=2){
CG(2,4)[0];
CG(3,5)[1];

}

TPpart7 (1=1) (n=3){
CG(2,5)[0];
CG(3,4)[1];
CG(3,5)[2];

}

TPpart8 (1=2) (n=1){
CG(3,5)[0];

}

TPpart9 (1=0) (n=5){
output (0) ;
CG(0,6)[0];
CG(1,7)[2];

}

TPpart10 (1=1) (n=9){
output (1) ;
CG(0,7)[0];
CG(1,6)[3];
CG(1,7)[5];



1. Compositional structure
2. Covariance

=) Fourier space activations
Clebsch-Gordan nonlinearities

Shubhendu Hy Trong Horace Pan  Brandon
Trivedi Son Anderson



